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Abstract. In this paper, we prove that Ruan's Cohomological Crepant Resolution Conjecture 
holds for the Hilbert-Chow morphisms. There are two main ideas in the proof. The first 
one is to use the representation theoretic approach proposed in |QW| which involves vertex 
operator techniques. The second is to prove certain universality structures about the 3-pointed 
genus-0 extremal Gromov-Witten invariants of the Hilbert schemes by using the indexing 
techniques from ILiJ| . the product formula from |Beh2 | and the co-section localization from 
KL1 , KL2 LL . We then reduce Ruan's Conjecture from the case of an arbitrary surface to 
the case of smooth projective toric surfaces which has already been proved in Che . 



1. Introduction 

In |ChR| . Chen and Ruan defined the orbifold cohomology ring Hq R (Z) for an orbifold Z. 
Motivated by orbifold string theory from physics, Ruan |Ruan] proposed the Cohomological 
Crepant Resolution Conjecture. It eventually evolved into the Crepant Resolution Conjecture 
after the work of Bryan-Graber, Coates-Corti-Iritani- Tseng and Coates-Ruan |BG|, ICCIT| ICoR] . 
Roughly speaking, assuming that an orbifold Z has a crepant resolution W, then the Crepant 
Resolution Conjecture predicts that the orbifold Gromov-Witten theory of Z is ring isomorphic 
(in the sense of analytic continuations, symplectic transformations and change of variables of type 
q = —e 10 ) to the ordinary cohomology ring of W plus those quantum corrections on W which 
are related to curves contracted by the crepant resolution. We refer to BG, IChe[ ICoaj and the 
references there for other excellent examples confirming the Crepant Resolution Conjecture. 

In this paper, we prove that Ruan's Cohomological Crepant Resolution Conjecture holds for 
the Hilbert-Chow morphisms. Let X be a smooth projective complex surface, and be the 
Hilbert scheme of points in X. Sending an element in to its support in the symmetric 
product X'™', we obtain the Hilbert-Chow morphism p n : jl"' — > l'"', which is a crepant 
resolution of singularities. Let H* n (X^) be the quantum corrected cohomology ring (see Sect. 4 
for details). 

Theorem 1.1. Let X be a simply connected smooth projective surface. Then, Ruan's Cohomo- 
logical Crepant Resolution Conjecture holds for the Hilbert-Chow morphism p n , i.e., the rings 
H* n (XW) andH% K {X^) are isomorphic. 

This theorem has been proved earlier when n = 2, 3 |ELQ| [LQ] , when Kx is trivial [FG, LS , 
and when X is a smooth toric surface [Che] , We also refer to |LQW4[ lMO| \OP\ |QW] IZho] for 
discussions when X is quasi-projective. 

There are two main ingredients in our proof of Theorem 11.11 The first one is the axiomati- 
zation approach originated from [Lehl |LQW1| and formulated in |QW| . This approach involves 
Heisenberg algebra actions and vertex operator techniques pioneered in [Grol INakj . We recall 
that a graded Frobenius algebra over a field k is a finite dimensional graded vector space A with 
a graded associative multiplication A <g> A — > A and unit element 1a together with a linear form 
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T : A —> k such that the induced bilinear form (a,b) := T(ab) is nondegenerate. For fc > 1, the 
fc-th co-product Tk* : A — > ^4® fe is defined by requiring (rfe*(a), 61 ® • • • ® bk) = T{ab\ ■ ■ ■ bk)- Now 
the axiomatization in |QW| states that the algebra structure on each A\ n ^ in a sequence of graded 
Frobenius algebras A^ (n > 0) is determined if 

(Al) the direct sum © A^ affords the structure of the Fock space of a Heisenberg algebra 
modeled on A := AW. 

(A2) There exists a sequence of elements Gk(oc, n) € A^ depending on a € A (linearly) 
and a non-negative integer k. Define the operators (5* (a) on © n A^ which act on the 
component via multiplication by Gk(a,n) G A^\. The operators 25fc(a) and the 
Heisenberg generators satisfy: 

©i(U) = -\ : a 3 : (r 3 *U), (1.1) 
6 

[gfc(a),a_iG8)] = ~ ai? (a,8) (1.2) 

where : a 3 :o is the zero mode in the normally ordered product : a 3 :, and ai?(a) denotes 
the fc-th derivative with ai°^(a) = a_i(a) and ai?(a) = [®i(1a), o£ 1 ~ 1 ^(a)] for k > 1. 
When (Al) and (A2) are satisfied, the algebra A^ is generated by the elements 

Gfc(a, n )eA [n] , aeA,k>0. 

In addition, the product is determined by (jl.ip and (|1.2[) . On one hand, with A^ = H^ R (X^) 
(viewed as an algebra over C), the results in QW] (see Theorem 13.11 below) indicate that (Al) 
and (A2) hold for the rings H£, K (X^). On the other hand, by [Grol iNak] and [EE], the rings 
A [n] = H* n (XW)(= H*(XW) as vector spaces) also satisfy (Al) and flU]). Moreover, using 
[Che] . we prove that (|1.2|) holds when A is a smooth projective toric surface. 

To prove that the rings A™ = H*(X>- n ') satisfy (|l-2[) for an arbitrary surface X, our second 
main ingredient comes into play. It involves finer analysis of the virtual fundamental cycle using 
the method in [LiJj and the co-section localization technique in |KL11 IKL2| ILL] . Let X^ 1 ^ 
be the moduli space of 3-pointed genus-0 degree-d stable maps to XM. By |LL] . every stable 
map (<p,C) € X^ n ' d ] h as a standard decomposition tp = (tpi, . . . , ipi) G X^ n ' d ] where the stable 
reduction <pf is contained in X^ ni ' di ^ for some and di, p ni (Im((pi)) — riiXi, the points x%, . . . ,xi 
are distinct, and (p(p) — J2i fiip) f° r au P G G. We use the ideas from [LiJj to index the support of 
p n (Im(tp)) = - riiXi G X^ n > . This is done by introducing the notion of 3-pointed genus-0 degree- 
5 a-stable maps to X^ n \ where a = {ot\, • • • , ai) denotes a partition of the set [n] — {1, . . . , n} 
and (5 = (6%, ■ ■ ■ , Si) with <5j's being nonnegative integers. The set of such pairs (a,S) with 
Yli Sj — d is denoted by V\ n ]^. The techniques in |LiJ| and the product formula in |Beh2] for 
Gromov-Witten invariants enable us to express the virtual fundamental cycle [X[™' d l] vlr in terms 
of certain discrepancy cycles [©H"' 5 !], (a, S) G Vx^d- Moreover, combining with the co-section 
localization theory in [KL1, KL2l ILL] . pairings with [©I^l] can be studied via C°°-maps from 
X to the Grassmannians. For d > 1, we assemble those [©H"'" 5 !], (a,S) G T > [ n ],d with Si > for 
every i into a homology class 3n,d £ ii*((At"l) 3 ). Now the structure of the 3-pointed genus-0 
extremal Gromov-Witten invariants of X^ [ s given by the following two theorems. 

Theorem 1.2. Let A\,A2, A^ G H*(XM) & e Heisenberg monomial classes, and TT m ,i be the i-th 
projection on (A^™!) 3 . Then, (A±, A2, A$)o i( ip n * s equal to 

]T Yl (Ai,Ai.Ai)-(3m,« J -n<,»Aa). (1.3) 

m<n A l,l oA i,2 = A l \ i=l / 

A 2,l oA 2,2 = A 2 
■ 4 3,l oA 3,2 = A 3 

Theorem 1.3. Let Ai , A% , A3 G H*(X^ n ') be Heisenberg monomial classes. 
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(i) If Ai contains a factor a,-j{x) for some i, then 3«,d ■ TliLi = 0- 

(ii) For 1 < i < 3, let A4 = <X_x(t) 0-x)&-m,i{ a i,i) " * * tt -n», u . ( a i,M»)|0) where Ui > and 
|aj,i| = . . . = |ai, Ui | = 2. TTien, 

3 3 

3n, d • n <i A * = n 11 n ■ p (1.4) 

i— 1 1 j — 1 

where p is a polynomial in (Kx, Kx) whose degree is at most (n — '^2 i . nij)/2, and whose 
coefficients depend only on d, n, , rijj f and hence are independent of the surface X and 
the classes oiij). 

We refer to Definition 12.91 for the operation o appearing in (jl.3l) , and to Definition 12.21 for 
the notation a_j(o(lx) appearing in Theorem 11.31 (ii). Geometrically, we may think of the 
factor 3m. d • rit=i m (11 .31) as the contributions of the non-constant components (fi in 

the standard decomposition of <p = (ipi, . . . ,cpi) € X^ n ' d \ while those constant components <pt 
contribute to the factor (Ai t i, ^2,1, ^3,1) in (|1.3p . 

Using Theorem 11.21 and Theorem 11.31 we are able to reduce the proof of (|1.2p for A*- n ' = 
H* n {X^) from an arbitrary surface X to the case when X is a smooth projective toric surface. 
This proves (|1.2j) for = ff* (jW) and hence completes the proof of Theorem ll.il 

Finally, this paper is organized as follows. In Sect. 2, we review the Hilbert schemes of points 
on surfaces and Heisenberg algebras. In Sect. 3, we recall from |QW] the results regarding 
F5 H (XW). In Sect. 4, we review Ruan's Cohomological Crepant Resolution Conjecture. In 
Sect. 5, we prove Theorem 11.21 and Theorem 11.31 In Sect. 6, we verify (|1.2[) and Theorem ll.il 

Conventions: All the homology and cohomology groups are in C-coefhcients unless otherwise 
specified. For a subvariety Z of a smooth projective variety Y , we will use Z or [Z] to denote the 
corresponding cycle/cohomology class, and use ly to denote the fundamental cohomology class 
of Y. The symbol A ■ B denotes either the cup product for A,Be H*(Y), or the pairing for 
A € H*(Y) and B € H*(Y). For A u ...,A k e H*(Y), let (A 1 ,...,A k ) = J Y A 1 ---A k . 

Acknowledgment: The authors thank Professor Jun Li for offering enormous helps and sug- 
gesting valuable ideas, without which this paper would be impossible to complete. In particular, 
the crucial Lemma 15.51 Lemma 15.91 and their proofs are due to him. The authors also thank 
Professors Wan Keng Cheong, Yongbin Ruan and Weiqiang Wang for stimulating discussions. 

2. Hilbert schemes of points on surfaces 

Let A be a smooth projective complex surface with the canonical class Kx and the Euler 
class ex, and X^ be the Hilbert scheme of points in X. An element in X^ is represented by 
a length-n O-dimensional closed subscheme £ of X. It is well known that X^ is smooth. For a 
subset Y C A, define 

M n (Y) = {£ G A["]| Supp(e) = {x} for some x £ Y}. 

Let Z n = {(£, x) C A["l x A | x G Supp(£)} be the universal codimension-2 subscheme of x A. 
Let p\ and P2 be the two projections of J'"' x A. Let 

+00 

U x = 0if*(AW) 

n=0 

be the direct sum of total cohomology groups of the Hilbert schemes X^ 1 '. 

For m > and n > 0, let QKH = and define Q[ m +">™1 to be the closed subset: 

{(£, x, 77) G A[ m+ "1 x A x JfM I £• z) 77 and Supp(/„// ? ) = {x}}. 
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We recall Nakajima's definition of the Heisenberg operators [Nak] . Let n > 0. The linear 
operator a_ n (a) G End(Hx) with a £ H*(X) is defined by 

a_ n (o)(a) - Pi,([Q [m+n ' m] ] ■ P*u ■ P* 2 a) 

for a G i7*(X[ m l), where pi,/5,p 2 are the projections of X^ m+n ^ x X x XM to X^+^X.Xt™] 
respectively. Define the linear operator a„(a) € End(IUx) to be (—1)™ times the operator obtained 
from the definition of a_„(a) by switching the roles of pi and p2- We also set cto(a) = 0. 

For n > and a homogeneous class a € H*(X), let |a| = s if a € H S (X), and let Gi(a, n) be 
the homogeneous component in 7jH+ 2l (x["l) of 

G(a,n) =Pi*(ch(02 n ) -PM^) -rfo) € 

where ch(Oz n ) denotes the Chern character of Oz n and td(X) denotes the Todd class. Set 
Gi(a, 0) = 0. We extend the notion Gi(a,n) linearly to an arbitrary class a <E H*(X). The 
Chern character operator &i(a) € End(Hx) is defined to be the operator acting on the component 
H*(X^) by the cup product with Gi(a,n). It was proved in |LQW1| that the cohomology ring 
of X<- n ' is generated by the classes Gi(a,n) where < i < n and a runs over a linear basis of 
H*(X). Let d = <&i(lx) where lx is the fundamental cohomology class of X. The operator 
O was first introduced in |Leh] . For a linear operator f G End(Hx), define its derivative f by 
f = [0,f]. The fe-th derivative is defined inductively by f (fc ) = [0,f( fc_1 )]. 

Let : a mi a m2 ■ be a mi a m2 when mi < rri2 and a m2 a mi when mi > rri2- For fc > 1, Tfc» : 
H*(X) — > H*(X k ) is the linear map induced by the diagonal embedding : X —> X k , and 
(Tk*(a)) denotes J2j &mi( a j,i) 1 1 • •Wfaj.k) when rfe*a = £V aj,i ® •• • ® a,-,*; via the 
Kiinneth decomposition of H*(X k ). 

The following is a combination of various theorems from [Nakl IGrol ILehl [LQ Wl| . Our notations 
and convention of signs are consistent with |LQW2| . 

Theorem 2.1. Let k > 0,n,m e Z and a, /3 £ H*(X). Then, 

(i) the operators a n (a) satisfy a Heisenberg algebra commutation relation: 

[a m (a),a n (P)] = -m S m ,-n ■ (ot,0) ■ Id Hx . 

The space Hj is an irreducible module over the Heisenberg algebra generated by the 
operators a n (a) with a highest weight vector |0) = 1 € H°(X^) = C. 

(ii) ©i(a) = -- : a 3 : (r 3 *a) - ^ — ^— : o„a_„ : (T 2 *(K x a)). 

n>0 

(iii) [0 fc (a),a_iG8)] = i-a^(a/9). 

The Lie brackets in Theorem 12.11 are understood in the super sense according to the parity of 
the degrees of the cohomology classes involved. Also, Theorem l2.ll (i) implies that M.x is linearly 
spanned by the cohomology classes o_ ni (ai) • • • o_„ fc (afe)|0) where k > and m, ...,nk > 0. 
These classes are called Heisenberg monomial classes. 

Definition 2.2. Let a e H*(X), and A = (• • ■ (-2) m - 2 (-l) m - 1 l" ll 2 m2 • ■ • ) be a generalized 
partition of the integer n = 'Y^ i i i mi whose part i g Z has multiplicity m;. Define £(X) = X)i TO ij 
|A| = J^i im i = n i S W = J2i i 2m *i ^' = Hi m il an d 

where rii( a i) mi i s understood to be • • • a™2 2 a™f 1 a™ 1 a 2 n2 • • • . A generalized partition becomes a 
partition in the usual sense if m, = for every i < 0. A partition A of n is denoted by A h n. 

The next three theorems were proved in |LQW3| . 
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Theorem 2.3. Let k > 0, n £ Z, and a £ H*(X). Then, a { n ] {a) equals 

{-n) k k\[ E ^T fl A(r,(exa)) 

y(A)=fc+i,|A|=« 



+ 51 E ^4r^OA(T*(ea)) 



£(A)=fc-l,|A|=n 

X 



e£{K x ,K%} <(A)=fc+l-|e|/2,|A|= 

where all the numbers /| e j(A) are independent of X and a. 
Theorem 2.4. Let k > and a £ H*(X). Then, 0jt(a) is ecua^ to 

E -^<X\(r*a) + E ^riA(r»(e x a)) 

£(A)=fc+2,|A|=0 £(A)=fc,|A|=0 

+ E E ^#V*(ea)) 

ee{Jfjr,-ff|.} «(A)=fc+2-|e|/2,|A|=0 

where all the numbers <7| e |(A) are independent of X and a. 

Theorem 2.5. Let n > 1, k > 0, and a £ H*(X). Then, Gk{a,n) is equal to 

f\\\\\-i 

E E TTTfTn •l-(n-j-i)a-A(na)|0) 

0<7"<fe Ah(j + 1) 1 I" 

€(A) = k-j + l 

(-1) |A| |A|+s(A)-2 „ . . 

+ E E VtajT ' 24 l-(n-i-i)O-A(T.(exa))|0) 

£(A)=fe— j — 1 

+ 2^ 2^ X r ^Ul! l_(„_j_i)O_A(T*(ca))|0) 

0<j<fc «(X)=k-i+l-|e|/2 

where \^i n -j-i) denotes a_i(lx) n— J_ /( n ~ 3~ 1)' w^ien (ra— j — 1) > and is w/ien (n— j — 1) < 
7 £/ie universal function g\ e \ is from Theorem \2.4\ and A + (1 J ) is i/ie partition obtained from 
A &?/ adding [j + 1) <o </ie multiplicity of 1. 

Lemma 2.6. [o ni • ■ ■ a„ fc (rfc*a), a mi ■ • • Om s (r s *^)] is equal to 

"EE nti5 "'- m '' 11°™' n ^ n ( r (fc+ s -2)*( a /3))- 

t=l j=l l<u<k,u^£t 1=3+1 J 

The above lemma was proved in |LQW2 , and will be used implicitly in many proofs throughout 
the paper. The following geometric result was proved in [LQW5 . 

Proposition 2.7. Let the classes cti, . . . ,ctk & ®t=iH l (X) be respectively represented by the 
cycles X\, . . . , Xk C X in general position. Then, the Heisenberg monomial class 

is represented by the closure of the subset consisting of elements of the form 

t k 

Ete>i+---+£vO+E& 

»=1 3=1 

where £ Mi(xi^ m ) for some x^ m £ X, £j £ M n Axj) for some Xj £ Xj, and all the points 
x%, m , 1 < i < t, 1 < m < Si and Xj, 1 < j < k are distinct. 
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Theorem 2.9 in |LQW4] expresses a Heisenberg monomial class in terms of a polynomial of 
the classes Gk(p(, n). The following lemma is a special case. 

Lemma 2.8. Let A h uq, a £ H*(X) with \a\ = 2, and m > 1. 

(i) Then, the class l_( n _ no )O_,\(:E)|0) G H*(X^) can be written as a polynomial of the 
classes Gk{x,n),k > 0. Moreover, the coefficients and the integers k depend only on A 
(hence, are independent of n and X ); 

(ii) If the odd Betti numbers of the surface X are equal to zero, then 

^- — (n—no—m) 

a-x(x)a- m (a)\0) = (K x ,a) ■ Fi(n) + ^G fci (a,n) • F 2)i (n) 

i 

where Fi(n) and F2i(n) are polynomials of the classes Gk{x,n),k > 0. Moreover, the 
coefficients of Fi(n),F2 ! i(n) and the integers k, fc* depend only on A and m (hence, are 
independent ofn,a and X). 

Proof. These follow from the same proof of Theorem 2.9 in |LQW4 by setting X= C-x C H*(X) 
and X = C • x + C • a c H*(X) respectively. □ 

Next, wc define some convenient operations which will be used intensively. 

Definition 2.9. Let A = o_ ni (ai) • • • a_„, (a/)|0) where rii, . . . , n\ > 0. 

(i) If B = a_ mi (/3i) • • • a_ m< , (/3 S ) |0) with mi,...,ffl s > 0, then we define 

A o B = a_ ni (ai) • • • a_„, (a ; )a_ mi (/3i) • • • cu„ ls (/3 S ) |0) . (2.2) 

(ii) We use the symbol B c A if £? = a_ Wi (a,^) • • • a_ nis (ai a )|0) with 1 < «i < . . . < i s < I. 

In this case, we use A/B or AB^ 1 or — to denote the cohomology class obtained from 

B 

A by deleting the factors o_ nii (oti t ), ■ ■ ■ , Cl_n 4s (&i s )- 

3. The ring H5 R (X(")) 

For an orbifold Z, the ring H^ R (Z) was defined by Chen and Ruan [ChR] . For a global 
orbifold M/G where M is a complex manifold with a finite group G action, the ring structure of 
H£ K (M/G) was further clarified in [FTfllTJri] . 

Next, let X be a closed complex manifold, and let X^ — X n /S n be the n-th symmetric 
product of X. An explicit description of the ring structure of H^ R (X^ n ') has been obtained 
in [FG1 ILSj . An alternative approach to the ring structure of H^,- R (X^) is given in |QW| via 
Heisenberg algebra actions. Put 

Jx=0C b (lW). 

71=0 

In |QW| , for a £ H*(X) and n £ Z, the Heisenberg operators p„(a) £ End(J r x) were defined 
via the restriction and induction maps. Moreover for k > 0, the elements O k (a,n) £ Hq R (X^) 
were introduced via the Jucys-Murphy elements in the symmetric groups. Put Ofc(a,n) = l/k\ ■ 
O k (a,n). Let the operator Dk(a) £ End(J r x) be the orbifold ring product with Ok(a,n) in 
Hq^(X^) for every n > 0. The operator Di(lx) plays the role of the boundary operator 
= <b\(lx) for the Hilbcrt schemes. Define pm'(a) inductively by putting pm'(a) = p m (a) and 
pm'(a) = [Di(ljf), pm _1 '(a)] for fc > 1. The following result was proved in |QW| . 
Theorem 3.1. Lei X be a closed complex manifold. Then, 

(i) the operators p n {a) £ End(J r x) (n £ Z, a £ H*(X)) generate a Heisenberg (super) algebra 
with commutation relations given by 

[p m (a),p„(/3)] = md (a, (3) ■ Idjr x 

where n,m£*L, a, fj £ H*(X), and Fx is an irreducible representation of the Heisenberg 
algebra with the vacuum vector |0) = 1 £ H*(pt) = C. 
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(ii) Di(lx) = — : p 3 :o (t* ljt) ■ In general, Dk(ct) is equal to 
6 



(-!)*•( E £ £ ^ F W.(e JC a)) ] . (3.1) 

\f(A)=fc+2,|A|=0 £(A) = fc, I A|=0 

(iii) [£)fc(a),p_i(/3)] = — pi_Y( a /^); ari ^ sjrfes are egwa/ to 

(-l) fe -( E ^A(r*(a/3))+ E ^fijrPMexaP)) 

\e(X)=k+l,\X\=-l <(A)=k-l,|A|=-l 

Note that there is a fundamental sign difference in the two commutators of Theorems 12.11 (i) 
and Theorems 13.11 (i). Since Ok{a,n) = Dfc(a)p_i(lx) n |0)/n!, we see from formula (|3.1|) that 
the class Ok(a, n) is equal to 

/ 

E E TTTTn •l-(n-i-i)P-A(r*a)|0) 



(-l) fc 



A ! • |A|! 

«(A)=fc- 3 +l 



+ E E ^■ m ^^ -Un- j -^-x(Mexa))\0)\. (3.2) 

0<j<fe Ah(j + 1) II" / 

e(x)=fe-i-i / 

Moreover, as noted in |QW| , the ring H^lX^) is completely determined by Theorem l3.1l (iL the 
formula of Di(lx) in Theorem 13. II (ii). and Theorem 13. II (iii). In particular, the ring H^ R (X^) 
is generated by the classes Ok(a,n) where k > and a runs over a fixed linear basis of H*(X). 

4. Ruan's Cohomological Crepant Resolution Conjecture 

In this section, we briefly review the definition of Gromov-Witten invariants, and recall Ruan's 
Cohomological Crepant Resolution Conjecture for the Hilbert-Chow morphisms. 

Let Y be a smooth projective variety. For a fixed homology class (3 G H 2 (Y, Z), let 2Jt g ,fc(y, (3) 
be the coarse moduli space parameterizing all the stable maps \fx : (D;pi, . . . ,pk) — > Y] such that 
H*[D] = (3 and the arithmetic genus of D is g. The z-th evaluation map ev^ : JDtg^Y, 0) — > Y is 
defined by evj([/i : (D; Pl , . . . ,pk) -» Y]) = fifa) G Y. It is known [FPl iLTTl lLT2l feeEfl IBF] that 
3Jl 3 ,fc(Y,/3) is projective and has a virtual fundamental cycle [Wl 9: k(Y, (3)} vn ' G Ad (9Jl g ,k(Y, /?)) 
where d = — (KV -/3) + (dim(F)-3)(l — g) + k. Let ai, . . . , G ff*(F), and ev = evi x • • • x evfe : 
3Jl ffi fe(Y, (3) — > y fc . Then, the fc-pointcd Gromov-Witten invariant is defined by 



(ai,...,a k ) gt p = _ ev*(ai®...®afe). (4.1) 

Next, let X be a smooth complex projective surface. Define the homology class 

@ n = M 2 ( Xl ) + x 2 + . . . + x n -x G F 2 (XN ; Z) (4.2) 

where aci, . . . ,x n -\ are fixed distinct points in X. An irreducible curve C C X' n l is contracted 
to a point by p n if and only if C ~ rf/3 n for some integer d > 0. Let q be a formal variable. For 
tyi,tU2,W3 g H*(X^), define a function of q: 

(w 1 ,w 2 ,w 3 ) Prl (q) = E (wi,w 2 ,w 3 )o,^„ <7 d - 

Definition 4.1. The quantum corrected cohomology ring H*(X'- n ') is the group £f*(X[ n l) to- 
gether with the quantum corrected product wi ■ Pn ui2 defined by 

(wi < Pn w 2 ,w 3 ) = (wi,w 2 ,w 3 ) Pn (-l). (4.3) 
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Conjecture 4.2. (Ruan's Cohomological Crepant Resolution Conjecture) The quantum corrected 
cohomology ring ff* n (XM) is ring isomorphic to H£ R (X^). 

Our idea to deal with Conjecture 14.21 is to use the axiomatization approach mentioned in the 
Introduction. On one hand, letting AM = H£ R (XW) and G k {a,n) = O k (a,n), we see from 
Theorem ETCl that both (Al) and (A2) in the Introduction hold for the rings H£ R (XW). On the 
other hand, by [Gro llNaE) . the rings AM = H*JX^) also satisfy (Al) with A = A™ = H*(X). 
To deal with Axiom (A2) for H* n {X^), we now define the elements G k (a,n) e H* n (X^), 

Definition 4.3. Let k > and a E H*{X). Define G k (a,n) £ H* n (X^) to be 

(-1)I A I _1 

Z Z Ti . iTji ■ l-(n-i-i)tt-A(f*a)|0) 
+ E E feC • + S 2 ( 4 A) " 2 • l-W-x(T.{e x a))\0). (4.4) 

t(X)=k— 3-1 

Remark 4.4. By definition, Go(a,n) = l_(„_!)a_i(a)|0) = Go(a,n). Also, 

Gi(a,n) = -- l_(„_2)Q-2(a)|0) = Gi(a,ra). 

In general, we see from Theorem 12 . 5 1 that the class G k (a,n) consists of those terms in G k (a,n) 
which do not contain the canonical divisor Kx- 

Note from the definition of the operator & k (a) on ® n H* that 

(<£> k (a)wi,w 2 ) = (G k (a,n) - Pn wi,w 2 ) = (G k (a, n), w\, w 2 ) Pn (-1) 

for wi,W2 & H* (X'"'), For convenience, we introduce the operator k (a;q) by 

(<S k (a;q)wi,w 2 ) (G k (a, n), wi, w 2 )o,dp n <f- ( 4 - 5 ) 

d>0 

In the rest of this section, let the smooth projective surface X be simply connected. By 
Remark SH Gi(lx,n) = <3i(l x ,n). Thus by [EL], 

5i(1jc) = : a 3 : (r 3 ,l x ). (4.6) 

o 

So (jl.ip holds for the rings il* (X'"') as well. To verify Ruan's conjecture for p n , it remains 
to show that (|1 .2[) holds for If* (I'M). For the right- hand- side of (|1.2[) . we have the following 
which follows from (|4.6[) and the same proof of Theorem 12.31 (i.e.. Theorem 4.4 in |LQW3| ). 

Lemma 4.5. Let k > 0, m £ Z, and a <E H*(X). Then, am (a) is equal to 

(-m) k k\i J2 E ■ □ 

\^(A)=fc+l,|A|=m f(A)=fc-l,|A|=m / 

Comparing with Theorem 12.31 we see that the operator al? (a) consists of those terms in 
Om (a) which do not contain the canonical divisor Kx- 

Lemma 4.6. Let X be a smooth toric surface. Then il.ty) holds for X'"'. 

Proof. Recall that P 2 and the Hirzebruch surfaces F Q are smooth toric surfaces, and admit T = 
(C*) 2 -actions. By the Proposition in Subsection 2.5 of [Fulj . X is obtained from P 2 or F Q by a 
succession of blow-ups at T-fixed points. 
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Now let a T m {a),H*^{X^) and p^(a), H*^(X^) be the equivariant versions of a m (a), H* n (iW 
and p m (a), HQ R (X^- nS> ) respectively. By [Che] . the equivariant version of Conjecture 14.21 holds for 
X, i.e., there exists a ring isomorphism 

sending ^"^"^"^"p-n^ai) ■ ■'1>I».(a«)|0) to "-mOO ' ' ' -n.K)l )- Note that U P to a 
scalar factor which depends only on the partition A = (n%, . . . , n s ) and the tuple a = (ax, . . . , a s ), 
our notation p^. ni (ai) ■ ■ ■ p^„ s (a s )|0) coincides with the notation A (a) used in [Che]. Also, our 
notation a^(a) coincides with the notation p m (a) used in [Che . The integer m + . . . +n s — s is 
the age. Passing the map Vf^ to the ordinary cohomology, we obtain a ring isomorphism 

: H* CR (X^) ^ H* p jX^) 
which sends ^/ZJ" 1 — +™ s s p_ ni (pii) . . -p_ ns (a s )|0) to a_ ni (ai) • • ■ a_„ s (a s )|0). Using (13.21) and 

rfe. 



flS}, we see that *„(v /= T Ofc(a,n)) = G k (a,n). 

Next, let A = 0_ ni (Q!i) ■ ■ • o_„,(a s )|0) G H*(X^ 1 -^). By definition, 

[5 fc (a),a_iG8)]jl = § fc (a)a_iO3)A-a_iG8)0 fc (a)j4 

= fc (a,n) • o_x(/3)^- o_i(/3)(0 fc (a,n - 1) • A). 

Put P = p_ ni (ai) • • -p_ ns (a s )|0) and a = n\ + . . . + n s — s. Let • denote the orbifold ring 
product. Then, ^ n (p- 1 (f3)(y^T k O k (a, n - 1) • ^f^T P) J equals 



<l_i(/9)¥ n (y=l O k (a,n~ 1)«V=I Pj =a_ 1 (P)(® k (a,n-l)-A), 

and * n ( v /3 T a p-i(/3) J P) = a_i(/3)A So [0 fc (a), a_i(/3)]A is equal to 

*„(v^T fc O fc (a,n) . v/^l^-iC^P) - *„(p_ 1 (/3)( v ^T fe O fe (a,n - 1) . >/=Tp)). 
Since Ofc(a, n) • p_i(/3)P = Dfc(a)p_i(/3)P, we obtain 

[gjfcCaJ.o-iCSp = v^T fc+a • *„([£ fe (cO,p_i(/3)]P). 
By Theorem 13. II (iii). we conclude that [©^(a), a_i(/3)]A is equal to 

/ 

V 



j-fe+a 



-1 .(-!)*■*, 



X ^TPA(r,(a/3))P+ X ^TT^Pa ' 



£(A) = fc + l 
A| = -l 



£(A) = fc-l 
IM = -1 



24A ! 



Finally, by the definition of and Lemma 14.51 [<3 k ( a ), a_i(/3)]A is equal to 
J2 ^a x (Ma(3))A- £ 



^Md A (r,(e^/3))i = -U^ } (a/3)A 



£(A) = fc + l 
A| = -l 



£(A)=fe— 1 
A| = -l 



24A ! 



Therefore, [® k (a),a.-i(/3)} = 1/M ■ a^iafi). Hence (TO]) holds 



□ 



5. Extremal Gromov-Witten invariants of Hilbert schemes 

In this section, we study the structure of extremal Gromov-Witten invariants of X^ for a 
smooth projective surface X. We will use the ideas and approaches in [Li J) . and adopt many 
presentations, notations and results directly from [Li Jj . In addition, the product formula in 
|Beh2) and the co-section localization in [KL11 IKL21 ILL] for Gromov-Witten theory will play 
important roles. For convenience, we assume that X is simply connected. 
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5.1. Hilbert schemes of a-points and partial equivalence. Let Y — >• T be a smooth family 
of projective surfaces over a smooth, projective base T . The relative Hilbert scheme of length- n 
O-dimensional closed subschemes is denoted by ■ It is over T and for any t G T, Yf 1 x^{f} = 
(y t )[™l . Define its relative fiber product Y^ = Y Xt ■ ■ ■ XtY (n times), and its relative symmetric 
product Y^ n) = Y£/S n . 

Let A be a finite set with |A| = n. We define Y^ = Yj , , — i an( I f° r accounting 

purpose, denote 

Yfi = {(x a ) aeA \ x a £ Y t for some t G T}. 

Using the Hilbert-Chow morphism '■— Pn '■ Y^ Y<r > we define the Hilbert scheme of 
A-points to be 

f = fx yW Yf. (5.1) 

Let "Pa be the set of partitions or equivalence relations on A. When a <E "Pa consists of I 
equivalence classes ai, . . . , ai, we write a — (ai, . . . , a/). For such a, we form the relative Hilbert 
scheme of a-points as follows: 

yW = -QKK), y H = -QyK] j yM=JJyJM ( 5 .2) 

2 — 1 i — 1 2 — 1 

where the products are taken relative to T. Note that Y"i Q " = yI q ' x ( a) Y£. The "indexing" 

T 

morphism is defined to be the second projection 

in : y| Ql — ► K^. (5.3) 

The spaces Y^"" and Yj^" are birational. To make this precise, we first fix our convention on 
a partial ordering on V\. We agree 

"a > /?" <^> " a ~^ & =>• a ~ Q 6" . 

Namely, a > /3 if /3 is finer than a. When /3 = (/3i, . . . , /3 r ), we put 

a A /3 = {cti n /3i , . . . , ai n /9 r ) 

which is the largest element among all that are less than or equal to both a and j3. Note that 
"Pa contains a maximal and a minimal element. The maximal element is A consisting of a single 
equivalence class A; the minimal element is 1 A whose equivalence classes are single element sets. 
For a> f3 eV\, define 

= {x G Y T | 3 a, b G A so that x a = a ~ Q 6, a 7^ 6}. 

For a ^ /5 £ ? A , define = S^ A(3 U S^ A/3 . The discrepancy between y| qI and Y^ 1 (in Y^" 1 ) 
and its complement are defined to be 

sfUyWxyAHg, and yW = yW_ H W (5.4) 

More precisely, by Lemma 1.2 in [Li J , there exists a functorial open embedding £^ : Yg — > Y^ 
induced by the universal property of the respective moduli spaces such that Im(£f ) = Ya^ ■ Thus 
induces an isomorphism (equivalence) between : Yj a " ^> Y^P" ■ We define 



V l<c 
T 



0<a 



where the equivalence is by identifying Y^P' C Yj/ 3 ' and Y^ C Y^ 7 " via £^3 f° r all /3,7 < a. 

Note that Y^~ Q " is non-separated (except when a = 1 A ), and contains the spaces Y^-' 3 ", /3 < a, 
as open subschemes. 
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5.2. Stable maps to Hilbert schemes of ordered points. We incorporate stable maps into 
the above constructions. This is motivated by the standard decompositions of stable morphisms 
introduced in |LL) . For d > 0, we let 

4"< dl :=Mo,304 n] ,^n) 

In] 

be the relative moduli space of 3-pointed genus-0 stable maps to Yj, of class dfi n ■ 

We study the standard decomposition of [u, C] G Y^' d \ Given [u.C] € Y^ l ' d \ composed 
with the Hilbert-Chow morphism p ni we obtain p n o u : C — > yS 71 ' '. Since the fundamental class 
of u(C) is a multiple of the null class /3„, and C is connected, p n o u is a constant map; we 
express p„ o u{C) = 2^ i=1 niiEi, where G N+ such that ^ m = n, and are distinct. With 

such data, for p G C, we can decompose u(p) — zi(p) U ••• U z;(p) such that z«(p) G l^T 1 ', and 
p ni {zi{p)) — riiXi. Because Xi are distinct, such decomposition is unique. We define 

u t :C^Y^\ u l {p)^z l {p). (5.6) 

Because of the uniqueness of the decomposition, one checks that m are morphisms; since u*[C] = 
dj3 n , we have Wi*[C] = di(3 Ui for some di > such that Y^di — d. Using such data, we can define 
the Hilbert-Chow map from 1^,™'^ to the weighted symmetric product of Y, 
For the pair (n, d), we define the weighted symmetric product of Y to be 

i 

Yp' d ' = {^c?i[njXj]|l < I < n, x\, ■ ■ ■ , xi G Y t distinct, for a t G T}. 

i=l 

Here the formal summation ^2di[riiXi] is subject to the constraints di G N, ^2 di — d, rii G N+ 
and J^rii = n. Also, [iiiXi] represents the multiplicity-?^ 0-cycle supported at Xi, and di is its 
weight; thus di[riiXi\ ^ [diUiXi] and 0[xi] is non-trivial. Endow Y^ n,d ^ with the obvious topology 

so that it is a stratified space such that the forgetful map — > Y^ is continuous, proper 
and having finite fibers. 

We define the Hilbert-Chow map: 

i 

(>c : Y^ d] — > Y± n ' d \ [u] ^ M^l (5-7) 

i=l 

where (di,rii,Xi) are data associated to (ui) from (|5.6p . Define P)^ : Fj,™'^ — > Y^ to be the 
composite of f)c with the forgetful map Yf, n,d ^ — > Y^i . For a finite set A (of order n), define 

y| A ^ =yM x <„, y£. (5.8) 

Definition 5.1. We call (a, 5) a weighted partition of A if a = (aj., . . . , aj) G "Pa and 5 = 
(#1, . . . , Si), Si > for every i. We define Y^i^i to De ^ e weight of (a,<5). For (A, d), 

we denote by Vx,d the set of all weighted partitions of A with total weight d. We say that 
(a, S) > (/3, 77) if a > j3 and J2i3 iCaj 7 U = ^ for evei T 0- 

For (a, 8) G "Pa.^, we form the relative moduli space of 3-pointed genus-0 degree-(5 a-stable 
morphisms to the Hilbert scheme of points: 

Y l a ,5] = y hA] Xt ... Xt Y ^ lM . (5.9) 

To simplify notations, the composition of Y^ A,d ' — > y^ A ' d ' and t)c 1 : Y^' d ^ — > Y^ will again be 
denoted by fjq. 



12 WEI-PING LI AND ZHENBO QIN 

5.3. Birationality. For (a, S) > (0,r})B the pair Y^ a ' S} and Y^' nl are "birational". To make 
this more precise, we introduce some notations. Given an element 

£ = ([«, c\, (y a )) e r| A - dl = Yp* XyW r A , 

where f)c([it]) = X^i=i <^i[^i^i] and such that n i x i — J2 a Va ( as 0-cycles in Y^ n '), we define a 
pair (0(0,9(0) e^A.rf by 

0(0 = (Oi)'- - , a z), a i = {«£ A I 2/a = 2;;}; f(0 = ( d b'" ,dj)< 
Definition 5.2. For (/3, 77) € "PA,d, we define 

^(K 1 = {eeyJl A » rfl | (0(0,5(0) <(/3,r?)}, 

Y (ld) = {(6, ■ • • , 60 e if*'" 1 I (jq^i), ■ • • , M&) mutually disjoint}. 
For (/3, 77) < (a, 5), we define (as fiber products over T) 

1 1 



r^ = TT^' 1, n^ and Y} P t=T\Y}^ 



Lemma 5.3. For (a, 5) > {P,f]), we have a natural, proper surjective morphism 

a/3,17 . yla-M v [/3,ij] /c 1n <, 

Sq,5 ■ ► r ( Q ,5) ■ (D.1U) 

Proof. By definition, we only need to prove the case (a, 5) = (A,d). Let £ = ([u,C,pi], (y a )) € 
77?' w ^ n f) c (M) = di[wi3Ct]- Let Ui : C — > Y^" 1 ' be as in (|5.6[) . Denote o(0 = (01, • • • , 0;) 

and 0(0 = (di, • ■ ■ ,o?i)- Since £ € Y^'3, we have (o(0,9(0) < (Z^, 7 ?)- Thus we can form 

: C — > K^ 1 ; Uft (p) = U„ iC A«i(p) e ^ . 
Because the degree of tij is dj, and (o(0,f (0) — (A 1 ?), the degree of it^ is ?7,. For 1 < 7 < r, let 
: — > Y^ be the stabilization of [u^, C,pi]. Then (u|*, • • • ,7^'.) € Y^'' ) '. It is routine 
to check that 

$2 : ^ -> ^' nl ; (M, (».)a) ^ • • ,<), 

defines a mor phism. By the definition of Y^'$ , we have Im(C^) C Y^). 

We now show that Im(C^) = Y^'ay Note that a closed point in Y^'ff is an r-tuple 

(£].)•'■ >£r) w ith ^ € g^jj ^hat ()c 1 (^i), • • • f)c 1 (^ r ) are mutually disjoint. Let = 

[ui,Ci,pij]. Since [C^p^j] are 3-pointed genus-0 nodal curves, we can find a 3-pointed genus- 
[C,pj] and contraction morphisms cf>i : C — > Cj so that 4>i(pj) — Pi,j, j = 1,2,3. Since 
f) c i(Ci), ' ' ' f) c i (£r) are mutually disjoint, the assignment p 1— ► u(p) = Ui o (f>\(p) U- • • Utv o 4> r (p) € 
Y^ defines a morphism it : C — > Y^ . We let £ = [it, C, Pj] st be its stabilization. Then £ e ^^y" , 

and $2(0 = (6, • • • ,Cr). Hence Im(Cj2) - 1$$. 

We check that £^'2 is proper. Let so 6 S be a pointed smooth curve over T; let S* = S — sq. 
Suppose £* is an S*-family in Y^'3 so that Cyw(£*) = (£*>"' >C) extends to an S-family 
(£1, " ■ i £r), we need to show that, possibly after a base change, £* extends to £ so that Ca'2(0 = 
(£l,---, £r). 

Since y| A '^ is T-proper, possibly after a base change, we can extend £* to an S'-family ^ in 
Y"J A ' d ". Let £ be given by ([u, C,Pj], (y a )), where each term implicitly is an S'-family. Let yp i = 
Saeft Va-S-^ Y^ /3,) . By definition, £(s ) = £ x s {so} € ^(^f if 2/ft( s o), ' ' ' >2/A.( s o) are mu- 
tually disjoint. Since Cf'd(C* ) = (£*," ' ,C), we havey^Js» = f) c i°C- Since F^™^ is separated, we 



1 Without further mentioning a = (ai . . . . , o; ) and /3 = (/3i , • • • , /3 r ). 
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havey ft (s ) = f)Ci(6(so)). Further, since (£i(s ), ■■ ■ ,£r0»o)) € ^^(so)), • • ■ ,fKi(£r(s )) 

are mutually disjoint. This proves that £(sq) G ^(/w?- Then £ lies in Y,g'3, and by the sepa- 



ratedness of yJ A ' d ", we have Ca'2(0 = ' ' ' !&•)• This proves the properness. □ 



r T , we nave <»A,d^ 

The morphism fits into a fiber diagram that will be crucial for our virtual cycle comparison. 
As we only need the case where (/3,rj) < (a, 5) is derived by a single splitting, meaning that 
r = 1 + 1, we will state it in the case (a, S) = (A, d), and (P,n) = fc), (di, d 2 )). 

We first introduce necessary notation, following Behrend |Beh2) . Given a semi-group G = N 
or N 2 , we call a triple (C,pj,r) a pointed G-weighted nodal curve if (C,Pi) is a pointed nodal 
curve and r is a map from the set of irreducible components of C to G. We say (C,pj,t) is stable 
if for any C = P 1 C C, either r([C ]) ^ or C contains at least three special points of (C,pj). 
(A special point of (C,pj) is either a node or a marked point.) 

We denote by .Mo, 3(d) the Artin stack of total weights d N-weighted 3-pointed genus-0 nodal 
curves. We denote by D (di, d 2 ) the Artin stack of the data 

{( c ,Pj> T ) -> (C , i>Pi,j)Tl),(C,Pj,t) -> (C 2 ,P2j,t 2 )} 

so that (C,pj,T) is a stable total weight (di,d2) N 2 -weighted 3-pointed genus-0 nodal curve, 
(Ci,pij,Ti) € 7Wo,3(di)j an d the two arrows induce isomorphisms (C,pj, pi i o r) st = (Ci,pij, Tj), 
where pr^ : N 2 — > N is the i-th projection. (See the diagram (3) in [Bch2 for details.) 

Lemma 5.4. Let j3 = /3 2 ) be a partition of length two, and let rj = (di, d2) roif/i d = d\ + d 2 . 
W^e /lave a Cartesian diagram 

r (p, v ) > J (A,rf) 



®(di,d 2 ) M , 3 (di) x A4o, 3 (d 2 ) 

Further, (£1,62) is proper and birational. 

Proof. The proof is a direct application of Proposition 5 in |Beh2j plus the definition of Y^3 ■ 
Note that the second vertical arrow is induced by Y^f C Y^ udl1 x T Y^ chl and the forgetful 
morphism Y^* M -> _M , 3 (di). □ 

5.4. Virtual classes and comparison of normal cones. ' is a finite quotient 

map by a finite group, it is flat. Let [Y^ a ' S] ] viT be the virtual class of Y^' 5] . We define [Y^ a - 51 ] viT 
to be the flat pullback of [l^, a ' (5 '] vlr . Our goal is to inductively construct cycle representatives of 
the virtual classes of yj a ' 5 " that are compatible via the comparison Ca's- 

We recall the construction of virtual cycles in |BFHLTl] . Let (E[ a < 5]) v — > ^ Y la - S] /Tx(M 3) 1 ^ e 

the standard perfect relative obstruction theorj0 of Yj?'^ — > T x {Mq^) 1 ; let Cr Q g\ C P[ Q ,5i := 
h 1 /h (Mt a S]) be its intrinsic normal cone. To use analytic Gysin map, we put it in a vector 
bundle. Following |BFHLTlj . we can find a vector bundle (locally free sheaf) E[ a ,s] on Y^ 1 '^ and 
a surjection of bundle-stack E r cx ,s — * h 1 / h>° {^[a,6]) ■ L et C[a,<5] C E[ a ,s\ be the flat pullback of 
C[ Q| {], Then [Fy Q,,5 '] vlr = OL { , [C[o,*]]) the image of the Gysin map of the zero-section of E^g]. 
Let p a , s ■ Y^ a ' S ^ — > Y^ a ' S] be the tautological projection, E^q = P* a ,s E [a,5], and C Efasj 

be the flat pullback of Cu 51 via Ei a M E\ aj g] . The virtual class of Y^ a ' S ^ is equal to 

[Y^Y 1 = (PcsriYT^Y" = 0*E la JC laM ] e H*(\Y^%Q), (5.11) 



2 Here E[ a ,,5] i s a derived object locally presented as a two-term complex of locally free sheaves placed at [0, 1]. 
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where Og is the Gysin homomorphism of the zero section of E^ a> gj, and |yJ Q ' l5 ''| is the coarse 

moduli space of Y^ aM . Also, put Ej q/ j = p* a ^[ a ,s\, and let F M = /i 1 /^ = P* a ,s F [a,5] 
be the flat pullback. Let C[ a) a] C F[ a .5] be the flat pullback of C[ aj {] via F[ Q .5] — ^ F [a,s]- 

We now compare the cycles C[ a ,i] using Ca's- ^he tricky part is that the vector bundles Ei at gj 
are not comparable. Thus we will state the comparison using cycles in F[ a)< 5], and later will use 
the obstruction sheaf for accounting purpose. 

Lemma 5.5. For pairs (a, 6) > (f3,r)) ; we have canonical isomorphisms 



(0-v) 

that satisfy the cocycle condition: we have o (Ca'a)*(v^'n) = Va'a f or an U i r W^ e ( a id) 
WtV) > (7) E )- Further, let Cp^ : F [Q| $]| [«,«] — > Fp^j | yI/3 ,„] be the projection induced by ip^, 
which is proper by Lemma \5.3l Then 

( < ?aJ)*[ C [a,5llyI<*.<']l] = [ C lP,vl \ Y ^'^ ]' 
(3,1) (<»>*) 

Proof. By induction, we only need to prove the case where £(/3) = £(a) + 1; by definition this 
follows from the case (a, S) = (A, d) and f3 = (f3\, fi 2 ) with rj = (di, d 2 ), which we suppose in the 
remainder of this proof. 

Let y = (y a ) 6 F T A be a closed point so that y h = pp 1 ((y a )ae/3 1 ) € and yp 3 € Y^ 2) 

(defined similarly) are disjoint. We then form 

Vi = if* 1 x Y v t) {y 0i } and V = Y± A] x y < A) { PA (y)}. 

Note that yp t f)yp 2 — implies that V\ Xt V 2 C if. Also, there exists a canonical isomorphism 
: Vi XtVz — > V. Let Vj (respectively, V) be the formal completion of if (respectively, if) 
along Vi (respectively, V). The isomorphism £ A induces 

(p-.Vi x T V 2 ^V, 

which is injective and smooth. 

For notational simplicity, we denote 9Jt(Vi) = DJto^(Vi,di) with t 2 in (|5.12[) being the tauto- 
logical morphism induced by V — > if ; we let 

M(Vi x T V 2 )=m , 3 {V x T V 2 ,(d 1 ,d 2 )) 

with L\ in (|5.12l) being the tautological morphism induced by V\ Xt V 2 —> if- 

We consider the following commutative diagram of arrows, where <f> is defined by sending 
[u, C,pj] € M{Vi x T V 2 ) to (6,6) witn & = [^i°u,C,Pj] st for tt; : V x X T V 2 -> the projection; 



> 



1/ : 



is induced by 



9i» 



9Jl(Vi x T t/ 2 ) x y( „ —2—). p(Vi) x T m{V 2 )) x Y w 



M(Vix T Vu) — M(Vi) x T M(y 2 ) 



r 

y[A,d] y[/3 >J7 ] 



(5.12) 
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We let Ci C F 1 be the intrinsic normal cone in the bundle stack of the obstruction complex of 
the prefect relative obstruction theory of 9Jt(Vi x T V 2 ) -> T x A4 ,3- Because V\ x T V 2 — > Y^ A ' d ^ 
is injective and smooth, we have £i(C[A,d] C F[A,di) = (Ci C Fi). Since C[A,d] <^ F[a,«2] is the 
pullback of C [A ,d] C F [A , d ], we conclude <^(C[ A ,d] C F[ A ,d]) = ^i(Ci C Fi). 

Similarly, letting C2 C F2 be the intrinsic normal cone in the bundle stack of the obstruction 
complex of the prefect relative obstruction theory of 9Jt(Vi) 9Jt(Va) ->Tx (A^o,3) 2 , we have 
(^^(C^.^j C Fj^^j) = ^2(^2 C F2). Since ipi and (^2 are injective and smooth, since <f>' is 
proper, since the top square is commutative, and since the image of ipi (respectively, of (p 2 ) 
covers Yrp^ (respectively, Y^^J) for y varying through satisfying y^ n yp 2 = 0, to prove 

that F[ A ,d| = {CaJ)* f IP, v J and (CA,d)*[ c [A,d]] = [ c [/3,>7]]> ii; suffices to show that we have the 
canonical isomorphism and identity 

F!=0*F 2 and 0*[d] = [C 2 ], (5.13) 

where : Fi — > F 2 is the induced projection. But this follows from the Cartesian square 

M(Vi xtVi) — ^— > M(Vi)x T M(y 2 ) 



T x 3)(di,d 2 ) ► T x 7W , 3 (di) x M^{d 2 ), 

similar to the one stated in Lemma [5^1 (originally constructed in Proposition 5 of |Beh2j ) . Since 
the lower horizontal line is birational, and T is smooth and projective, by Theorem 5.0.1 in [Cos , 
we have the isomorphism and identities in (|5.13p . This proves the lemma. □ 

5.5. Multi-sections and pseudo-cycle representatives. We use multi-sections to intersect 
the cycles Cj Q!( 5] to obtain pseudo-cycle representatives of [Fj a ' <5 "] vlr . 

In the remainder of this section, we will work with analytic topology and smooth (C°°) sections. 
Let V be a vector bundle over a DM stack W. In case W is singular, we stratify W into a union of 
smooth locally closed DM stacks W = ]J W a , and use continuous sections that are smooth when 
restricted to each stratum W a . Without further commenting, all sections used in this section are 
stratified sections; we denote the space of such sections by C(W,V). Also, we will use \W\ and 
|V| to denote the coarse moduli of W and V. 

We recall the notion of multi-sections, following |FQ[ ILT2] . We first consider the case where 
W = U/G is a quotient stack and V is a G-vector bundle on U. Let S n (V) — > U be the 
n-th symmetric product bundle of V. A liftable multi-section s of V (of multiplicity n) is a G- 
cquivariant section s e C(U, S n (V)) G such that there are n sections s\, ■ ■ ■ , s n € C(U, V) so that s 
is the image of (si, • • • ,s n ). For a multi-section s € C(U, S n (V))° that is the image of (si, •• • ,s„), 
we define its integer multiple ms £ C(U, S mn (V)) G be the image of (si, • • • , si, • • • ,s n , ■ ■ ■ , s n ), 
where each Si is repeated m times. Given two multi-sections s and s' of multiplicities n and n', 
we say that s and s' are equivalent, denoted by s w s', if n's = ns' as multi-sections. 

In general, since W is a DM-stack, it can be covered by (analytic) open quotient stacks 
U a /G a C W, and the restriction V\u a /G a = Va/G a for G Q -vector bundles V a on U a . A multi- 
section s of V consists of an analytic open covering U a /G a of W and a collection of liftable 
multi-sections s a of V\u a /G a so that for any pair (a,/?), the pullbacks of s a and sp toU a x-w Up 
are equivalent. We denote the space of multi-sections of V by C mu (W, V). (Thus multi-sections 
in this paper are always locally liftable.) 

The space of multi-sections of V has the same extension property as the space of sections of 
a vector bundle on a manifold. The usual extension property of vector bundles on manifolds 
is proved by using the partition of unity and the addition structure of the vector bundles. For 
multi-sections, over a chart U a /G a , we define the sum of two (liftable) multi-sections s and s' 
(with lifting (sj)™ =1 and (s^)^ 1; respectively) be the multiplicity nm multi-section that is the 
image of s + s' = (s, + s'j). This local sum extends to sum of two multi-sections on W. Thus 
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combined with the partition of unity of \ W\, we conclude that the mentioned extension property 
holds for C mu (W,V). 

We also have the following transversality property. Given a closed integral substack C C V and 
a multi-section s G C m u(W, V), we say that s intersects C transversally if there is a stratification 
of C so that each strata C a of C lies over a strata of W, say W a i, and the section s\w a , intersects 
C Q transversally, meaning that the local liftings of s\w a , intersect C a transversally. Given a cycle 
\P\ = J2 n i[Ci] with Ci closed integral algebraic substacks, we say s intersects [C] transversally 
if it intersects each Ci transversally. 

Lemma 5.6. Let p : W' —> W be a proper morphism of DM-stacks; let V be a vector bundle on 
W and p : p*V — > V be the induced projection. Suppose [C] € Z*(j)*V) is an algebraic cycle and 
[C] = p*[C). If s € C mu (W,V) intersects [C] transversally, then p* s £ C mu (W' ,p*V) intersects 
[C] transversally. 

Proof. We pick stratifications W = JJ W a and W = JJ W' a so that p{W' a ) = W a and p a = p\w^ ■ 
W' a — > W a are smooth. We then pick a stratification C = ]J so that each C'p lies over a 
stratum of W, and that p\c' ■ C'p ~ > p(C^) is smooth. Therefore, by the definition of transversal 
to C, we are reduced to check when p : W' —> W and C — > p{C) are smooth. In this case, the 
statement of the lemma holds by direct local coordinate checking. This proves the lemma. □ 

We now construct pseudo-cycle representatives of the topological Gysin map 

V :Z*V H,(\W\,Q), (5.14) 

via intersecting with multi-sections [FUJ lLT2l lLT3l iMcDlIZm] . 

We assume W is proper. Let n : V —> W and n : \V\ — > \W\ be the projections. Given a 
closed integral algebraic substack C C V, we find a multi-section s of V so that it intersects C 
transversally. Let k = 2 (rank V — dimC). By slightly perturbing s if necessary, we can assume 
that there is a closed (stratifiable) subset R C |V| of dim^ R < k — 2 and an (analytic) open 
covering of W by quotient stacks U a /G a so that, letting q a : V a — > \V\ be the projections, 

(1) S \u a /G a are images of s a> i, • • • , s a , ma in C(U a , V a ); 

(2) there are topological spaces S a ,i and proper embeddings f a< i : S a ^ — > V a such that 

(a) there are dense open subsets 5° i C S a ,i so that 5° i are smooth manifolds and 
fa,i\s° ■ '■ S a j V a are smooth embeddings; 

(b) Sa ,t n(c xv v a - q-HR)) - f a ,i(S a i); 
( C ) /^(s^-sycc'W 

Since s £ C mu (W 5 V), by definition, Y^i=x is Ga-equivariant. Define 

(Cns)\ lVal = —(J2fci(Sa,i))/G a , (5.15) 

i— 1 

viewed as a sum of piecewise smooth fc-dimensional Q-currents away from a (k — 2)-dimcnsional 
subset. Since (s a ,i) are local lifts of a global multi-section s, the Q-currents (|5 . 15[) patch to form a 
piecewise smooth Q-currents with vanishing boundary in \ V\ — R. We denote this current by CDs. 
Since \W\ is compact, the current C n s defines a homology class in Hk(\V\,R; Q) = i?fc(|V|; Q). 
Applying the projection w : \V\ — ¥ \W\, we obtain the image Q-current n(Cr\s) and its associated 
homology class [tt(C s)] £ Hk(\W\; Q). Following the topological construction of Gysin map of 
intersecting with the zero-section of V, 

V [C] = [Tt(Cns)} eH.(\W\;Q) 

is the image of [C] under the topological Gysin map V . By the linearity of Gysin map, this 
defines the topological V in (|5.14[) . The current w(C D s) is called a pseudo-cycle representative 
of the Gysin map. 

We now assume in addition that 2f is a quotient sheaf tj> : Ow(V) — > 3^, and the cycle [C] = 
n i[Ci] £ Z*W has the property 
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(P) for each C i; and any closed z £W and a e 1\ Z1 letting cj) z : K — > be (j> restricting to 
z, we have either 0~ x (a) H C; = or (/)~ 1 (a) n = <j>~ x {a). 

Definition 5.7. Two multi-sections s and s' of V are ^-equivalent, denoted by s s', if for 

any x € W, as Q-zero-cycles, we have ((j> x )*(s(x)) = (<t)x)*(s'(x)). A multi-section of J is an 
~y equivalence class of multi-sections of V. We say a multi-section s of J intersects C C V 
transversally if a representative s of s intersects C transversally. 

We comment that when C satisfies property (P), the notion that a multi-section of 1 intersects 
C transversally is well-defined, after we pick the stratification of W so that 5F restricts to each 
stratum is locally free, which we always assume in the remaining discussion. 

We apply this discussion to C[ Q ( 5] C E^ a S j. Let 3^.5] = H 1 ^^ ^), a coherent sheaf on Y^"' S \ 
and let ^[q^j = Pa.s^[a.s], the pullback sheaf on Y^ a ' S \ (Note that £F[ a ,5] is the obstruction sheaf 
of the relative obstruction theory of Yj?'^ .) Then SWaj is the quotient sheaf of -Ej Q ,<5] via 

4>la,5] ■ E la,8] > F[ Qi5 ] = ft, 1 /^ {Pa,S^[a,6] ) > (Pa,S^la,S] ) = ^[a,*]- 

Since Ci a a is the pullback of the cycle Cj Q a in Fs a M, the cycle C[ Q .6] satisfies property (P) 
for the pair E^gj — > ^la.Sj- Thus we can speak of multi-sections s of S^tf] intersecting Cjo^j C 
Eia,sj transversally. 

In the future, we will call a multi-section of 5[ a ,a] intersecting Cj a m transversally a good 
multi-section. Let fcuai be the virtual dimension of Y^"' S \ For a good multi-section Bt a> g[ of 
^[o,*] ! we denote 

-D( s [a,<5]) = 7f(C[ a) i] n S[a,<5]), 

where S[ QjC ;j is a representative of S| Q a, and -D(s[ Q is a piecewise smooth fcr Q ^ -dimensional 
Q-current away from a subset of dimension at most k\ aj s] ~~ 2. (Note that Z)(s[ QjC ;j) is independent 
of the choice of S[ce,a].) We denote 

[D(s laM )]eH k[a:S] (\Yj a ' s \q) 

the homology class it represents. 

Applying the pseudo-cycle representative of Gysin maps, we obtain 

Proposition 5.8. Given a good multi-section sj Q n of 3^ a g^, we have 

[D(s laM )] = [Y^r eH*(\Y^%®). 

5.6. Comparison of virtual cycles. Our goal in this subsection is to compare the virtual cycles 
in terms of pseudo-cycle representatives. We will prove the analogue of Lemma 5.6 in |Li Jj . 

To begin with, we recall a-diagonals, their tubular neighborhoods, and the associated parti- 
tions from |Li J] . For a € V\, we form the strict a-diagonal: 

A a = Al = {xeYr r x \a~ a b^>x a =x b }; (5.16) 

it is closed in Y^ and isomorphic to Yj, when a — (ai, . ..,a;). Fix a sufficiently small number 
c > and a large real N, and pick a function e : Va — > (0, c) whose values on any ordered 
pair a > /3 satisfy e(pt) > N ■ e(/3). After fixing a Riemannian metric on Y, we define the 
e-neighborhood of A Q C Yfi to be 

A Q , £ = A£ e = {ie7 T A dist(z, A Q ) < e(a)}. (5.17) 

For a pair a > ft we define A^ e = U ce > 7 > (3 A 7:e and = A^, e - U Q > 7>| gA^ e = A^ >6 - 
U Q > 7 >,gA 7iC . Then, e is a closed subset of A^ e . By Lemma 5.5 of [Li Jj . if A/3 lje n Q^ 2 e 7^ 
for some ft, ft < a, then 

ft < ft. (5.18) 



'As argued in ICLI . this means that C is a pull back of a "substack" of S. 
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It follows that A^ e = U Q>7>/3 Q" e - In particular, for any a, by taking j3 — 1 A , we get Yfi = 
II 7 <a Qle- Further, letting Qff = Y^ x y aQ% € , we obtain rJM = ]Jp< a Q^f- Note that 
for fixed P with p < a, we have' Qff C U W ,,)<(a,*) Define Q ( ^ 6 = Q^ 1 n for 

?y) < (a, (5). Then, we obtain a partition: 

^= II Cfe3, e - (5-19) 

(/3,n)<(a,S) 

Lemma 5.9. For sufficiently small e, we can find a collection of good multi-sections s^gj of 
^la,S} that satisfy the properties 

(i) each S[ a t sj intersects transversally with the cycle C[ at gj C -E-[ a ,<5] ! 

(ii) for {ft, if) < (a, 8), the pseudo-cycles (as Q-currents) 

0*(^(s M ) n eg;3,J = £(s M ) n Cj?(eg;JU 

Proof. We follow the proof of |LiJl Lemma 5.6] line by line, with e (respectively, s Q ) in [LiJl 

p. 2156] replaced by Q(^ )6 (respectively, s^j). 

To carry the argument in [Li J, p. 2156] through in the current situation, two modifications 
are necessary. The first is using multi-sections of 5F[ a) q, etc. The two properties of sections we 
used in the proof of [LiJl Lemma 5.6] are the existence of extensions and general position results. 
For multiple-sections, similar results hold as we have mentioned before. 

The other is to choose multi-section S[ a a |irg,n] of £Fj a 5 j | to be the pullback 



5[a,5]l[/3^] - (C£^*( S I/MU'?(g!2 ,4 J Y> 



(Compare the construction of s a \p = s^|g= in [LiJJ p. 2156].) Since ^,6} = (Ca,s)* ^lP,vb 

(/3,tj) 

such pullback is well-defined. 

What we need to make sure is that the section sr Q 5j|rs,n] (of ^|[a!,<s]| i<*,«] ) intersects transver- 

sally with the cycle C^ a ^\] this is true, following Lemma l5~5l and Lemma [5^1 This completes the 
proof of the lemma. □ 

5.7. Approximating virtual cycles. Let (/3, 77) < (a, 6) £ Vka- Define 

to be the open inimersions induced from the construction (|5.5p . The evaluation map ev^ : ' ^ — )■ 
Yj!^ induces an evaluation map 

yK<5] ^ yM which wU1 be denoted 

again by evj. Let ev = 

evi x ev 2 x ev 3 : Y^ a ' S} -> (Y^) 3 . Since ev, : if*' 51 = Y^ 5] x y(a) Yfi -> K^ 1 = K^ 1 x y(a) 1# 
does not affect the factor Yfi, we have ev(yJ Q:<5 ') C (>f ) 3 X( Y fi)3 ^a(^t ) where 

tA : r T A -> (r T A ) 3 

is the diagonal embedding. Define the indexing morphism to be 

in: |J (^ Q )ev(r^)^ iA (r T A )=y T A . (5.20) 

(P,ri)<(a,S) 

Definition 5.10. Define the pseudo-cycle C (f|- q]I ) 3 inductively by 

e M = «J*ev*£>(s M ) - 2 ^D* ^'" 1 - ( 5 - 21 ) 

(/3,7))<(a,<5) 
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By Proposition 15.81 we obtain 

(<J*ev*[^ a 'T r = E (5-22) 

(/3,j?)<(a,«) 

Further properties of the pseudo-cycles ©I a:,<5 I are contained in the next two lemmas which are 
the analogues of Lemmas 5.7 and 5.9 in [Li Jj . 

Lemma 5.11. O^ C (Y^~ a} ) 3 x (y a )3 t A (A a , e ) for sufficiently small c> 0. 

Proof. We use induction on the order of (a, S) G V A,d- Assume that (a, S) is minimal. Then for 
each i, we have either (ai,6i) — (1,0), or on — 2 and Si > 0. So Fy Q,<5 " = yJ Q '^ x y a A a = 

Y^ M x y a A Q , 6 . Thus, e^.*! = «J.ev,£>(s [ai4] ) C (F^ qI ) 3 x (y a )3 t A (A a , e ). 

Next, we assume that our lemma is true for every (7, p) with (7, p) < (a, 5). Recall that Y^ = 
Uf3< a Q%e and Qa.e = So to prove the lemma, it suffices to verify O^ n ((yj-" 1 ) 3 x {y a )3 

LA(Qp e )j = ^ ^ 0r ever Y & < a - By (|5.21|) . this is equivalent to proving that 

«J*ev*D(s M )n ((F^ Ql ) 3 x (y a )3 t A (Q?, 6 )) 

= 53 (^J* 01 ™ 1 n ((y^ a1 ) 3 x^, tA (Q?, 6 ))- (5.23) 

(7,p)<(a,<5) 

On one hand, if ( 7 ,p) < (a,S), then 6^ C (r|- 71 ) 3 x (k a )3 i A (A 7 , £ ) by induction. Thus, a 

nonempty (? 7 ,a.)*0 l7 ' pl n ((yj- a1 ) 3 x (r A )3 iA(Q% e )) forces A 7^ n( 3^. £ ^ which m turn implies 
7 < /3 by (|5.18[) . Therefore, the right-hand-side of (|5.23l) equals 

J2 $U).ei™i n ((y^ 1 ) 3 x^. , a (q« j) 

(7,p)<(a,<5), 7 <,3 

E E (?lo)*(? 7 ^)*e M n((r^ aI ) 3 x (F A)3 iA (Q^)). (5.24) 

(/3,r,)<(a,<5) (7,P)<(/3,17) 

Since (0 3 ij8 ).ev.D(s L9iT , ] ) = £( T ,p)<( j M)$T,/>)* e[7,/ ' I > <E21 is e q ua l to 

E (^,a).(^, j9 ).ev.I>(8 L9 , T , ] ) n ((# 01 ) 3 X (r A )3 t A (Q?, e )) 
(/3,7,)<(a,<5) 

E (^,a)*ev,D(s [/3 ,, 1 )n((r^ aI ) 3 x (y A )3tA (Q^)). (5.25) 

(/3,*7)<(a,<5) 

Since Q% >e = A^ - U Q > 7>(3 A^ e , we see that ((j)l, a )*ev*D(s [l3 ^) n ((rj-" 1 ) 3 x (k a )3 t A (Q^J) 
is contained in 3 jQ ev(cf $ (Q^'S J)- So (|5.25j) (hence the right-hand-side of (|5.23[) ^ equals 

J2 (4J*™*D( HM ) n ^,«ev(cf;KQg5,J) 

(/3,r))<( Q ,5) 

= E (^,a)* ev *(^( s I^n])nCf;K2K),e))- ( 5 -26) 

(/3,r))<( Q ,5) 

On the other hand, (4> 3 a iQ )»ev»D(s[ Qi5 j) is supported on U( 7!p) <( Q ^)(?!) 3 , Q ev(Q["'^ e ) by (|5.19|) . 
Moreover, </> 3 >a ev(Q/™'^J J is contained in (Y^ a ^) 3 x ^3 t A (Q" e ), and the subsets Ca(Q", e )j 7 < 
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a are disjoint. So the left-hand-side of (|5.23l) is equal to 

E «J*ev*£>(s M ) n < a ev(e[^ ie ) 

(/9,7))<(a,5) 

= E «a)* ev *( £> ( s [a/i)nfig5,J 

(/9,7))<(a,5) 

= E (^,«)^.(«£?)*(^(»i-fl)ncfe3,j) 

- E c^.-w.( 2J (-^i)nc5?(cg 1 , 3.«)) 

(P,v)<(.a,S) 

where we have used Lemma T5. 91 (ii) in the last step. Combining with (|5.26p . we get (|5 . 23|) . □ 

Lemma 5.12. Let (a, 6) € V A>d with a = (a x , . . . , a{). Then, Q^ a ^ = 6 Iq " 5<1 wa tfie 

rcateraZ identification (Y^- a} ) 3 = IlLiC^* 1 ) 3 - 

Proo/ First of all, since K^'' 51 = ]Tj=i Y^* 1 , we have 

i 

D(si aM ) = l[D( SlaitSil ). (5.27) 

i=i 

Next, to prove the lemma, we use induction on the size |A| and on the order of (a, 8) £ Va.cI- 
Assume that {a, 8) is minimal in V^d- Then (a.i,8i) is minimal in V auSi - By (|53Tj) and (1Q71) . 

I i 

e M = (€, a Uv*o(s laM ) = n(Ca ( )*ev tJ D( SKi(5il ) = JJg^ai. 

In particular, the lemma holds for |A| = 1 (necessarily, (a, 8) = (1,0)). Next, assume that 
QlPM = Jl.elft,^] f or every (/?, 77) < (a, 5). By rf5~2T)) and ^TTDi . 

i 

(4>l, a )*ev*D(B latS1 ) = Y[(<j>l i)CH )*ev*D(s laiM ) 

= II E (^ M ^).e 6,w " ,Wl 

2=1 (/3,r,)<(a,5) 

noting that induction has been used in the last step to handle those /3W which have length greater 
than 1. Applying (I5.21[) again, we obtain the lemma. □ 

5.8. Co-section localizations. We now apply the co-section localization techniques from KL1 ( 
IKL21 ILL] to the constructions in the previous subsections. Let 9 be a meromorphic section of 
Ox(Kx), and let D and be the vanishing and pole divisors of 9 respectively. For simplicity, 
we assume that Dq and Doo are smooth irreducible curves intersecting transversally. Let Xg 1 ' 1 ^ 
be the subset of X^ 1 ^ consisting of those <p whose standard decomposition (tpi, . . . , (pi) have 
the property that for each i, either ipi is constant or the support of <pi lies in Dq U Doo- The 
meromorphic section 9 induces a meromorphic section 9^ of Q X [ n ] ■ By [KL2, LL , we obtain the 

localized virtual fundamental cycle [X^]^ G A*{xf> d] ) of XM such that = 
[X^] v " where t* is the map induced by the inclusion map i : X^ 1 ^ <-> X^ n ' d \ For simplicity 
of notations, we write [X^]^ = [X^] v " . 
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The constructions in |KL2| LL] and Subsections 5.1- 15.71 are canonical. Applying the construc- 
tions in pCL2l ILL] to Subsections 5.1-E3 we obtain localized cycles [A^J]^ £ H^xf*' 51 ; Q) 
and C U (M < (a , 5) ^ev(4M) with [A^]™ = [AM] vir and [0^] = [0^] 

in iT^A^Q) and ff»((I^l) 3 ;Q) respectively. Here the subset x\ aM C A^ is defined 
similarly as X 1 ^ C AM. 

5.9. Extensions of Heisenberg monomial classes. Let (/3, 77) <E V^.d- To study the pairings 
with r n i)*[0^'' jl ], we need to extend the classes (/H)* w e F(jW) from iW to X^ n \ 
where /N : iW ->• iW is the tautological map. Let = J], 

Lemma 5.13. Let € if* (A) be homogeneous with \a^\ > 0, and a$j = lx- Let 

nfla-iKi) (n a -»*K>)l°> eiT(AN). (5.28) 

v i=ii=i y \i=i j 

Then there exists a class £ ff*(A^"J) such that (^ Wi[n] )*w [ - nl = {f M )*w, and that if 

P = (Pi, ...,Pi) < [n], then via the identification l'^' = A^J, 

(?A[»]r^-l = E ®U»F AI1 (5-29) 

u>iO---ou;a=iij 

where each Wi £ H*(X^ l3k ^) is a Heisenberg monomial class. 

Proof. We use induction on n. The lemma is trivially true when n — 1. In the following, assume 
that the lemma holds for all Al 7 ™! with m < n. 

Let 5 be the set consisting of all P < [n] such that there does not exist 7 < [n] with P < 7. 
Then A^"J is covered by the open subsets [n])[n] (AH) an d p [n] (X^), p £ S. Define 

w l<PI= ®\=A- ml ^H*(X^) = H*{^. [n] (X^)) 

for each P £ S. Applying the Mayer- Vietoris sequence successively, we see that to prove the 
existence of £ H*(X^), it suffices to show that (/H)* w and w^,/3 £ S are equal on 

the overlaps of the open subsets 0[„].[„](Xl n l) and <j>p\ n ] (Al-^), P £ S. 
First of all, let p, 7 = (71, ... , 7,-) £ S and p ^ 7. Then, 

4> nn] {x^) n ? 7 , W (^ K71 ) c ^ A7 , w (i'^ a ^). 

Let ft A 7 = {Pi n 71, . . . ,Pi n 7r) € Then (<? 7 3a 7:/ 3)*w i[ < /31 is equal to 

(W)* E sU^F' 11 = E sU^/O^P* 11 - 

Applying induction to the classes , we see that 



(wr™ 1 ** = E ®U E ®5=i»g' 



10l O- ■ -QWi —W \ Wi, 1 O- ■ -OWi^r— Wi 

E ®U®J=i»g l * n7,n . (5-30) 



It follows immediately that (^a^)*™^ = (0 /3A7i7 )*ui^ 7 l 

Next, we claim that the restrictions of (fM)*w and 10^,7 € S to <f> [n]j[n] (A M )ri$ lt[n] 
are equal. Note that X^- 1 ^ is covered by the open subsets <^ i7 (A^),/3 < 7, and [ n ] (A I™") D 
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4>p,[n](X^) is identified with the images of Xp^ = xf^J. So it suffices to prove that 

(f M Tw\ x i nl = (C^r^nT^lxm)- (5-31) 

To see this, represent each a% £ H*(X) by a cycle Xi such that X\, . . . , Xk are in general position. 
By Proposition 12.71 the class W[ n ] := w/\[ i=l Sj! is represented by the closure W of the subset 
consisting of elements of the form (|2.1|) . Then, (/"™")*W[n] is represented by (/" n ") _1 (W / ). By 
Proposition O again, the closure of /M ((/ W ) _1 (W) n xf l )^j in represents the class 



where each Wj € contains exactly Si.j copies of d-i(lx)- Note that X)'=i s » J = s »- 

Also, the class {f m )*w fj e is represented by the closure of n a!™ 1 ) in 

IM. So (/ w )*W[„]| x m = (C^])*((/ I,3I )*w/j| x i/3]). Note that for fixed integers s % , 3 , the number 

of choices of w\, . . . , wi satisfying wi o • • • o wi — w is precisely equal to Ylt=i s »'/ Oi=i 111=1 s i,j" 
Therefore, (f^ n h*w\ „[„] is equal to 

(C [ /3 „ ] )*((/ I/3I )*(ri^!-^)l X[ M) = (Cf n] )*((/ M )* E «'i®---®«'«l x i«). (5.32) 
On the other hand, since — cj)p n o 0/3^, we obtain from (15.301) that 

= E ®U/ D * a r«* = (/ OT r E 

WiO---OWl=W WiO---OWi—W 

where we have used induction in the third equality. Combining with (|5.32[) verifies (|5.31|) . □ 

Our next lemma says that even though the extension u;t- ra l e H* (X^-- n ^) may not be unique, it 
does not affect the pairings with [6l™' d H]. Recall that the tautological map p a j : X^ a ^ -> X^ a ^ 
is a finite map of degree nl. 

Lemma 5.14. Let Ai,A 2 ,A 3 £ H*(X^) be Heisenberg monomial classes. Then, [Q^ n ^] ■ 
(4"™ 1 ® Af nl ® ) ls ^dependent of the choices of A{-™^ , Ap 1 , Ap lJ . 

Proof. Since [xM] vlr = p* n] JX^]™, [JSfM]™ • ev*(Ax ® A 2 ® A 3 ) is equal to 

1 1 3 

_ [xM] vir . p * n])d ev*(A! ® A 2 ® A 3 ) = -[X^]™ • ev* (g)(/H)*A, ; . 

i—1 

By Lemma [5T3] and (|5T22j) . [A^]™ • ev*(Ai <g> A 2 (8 A 3 ) is equal to 

i . ev * (g)(^ w , w) *4^i = * W [aM]™ • ® Ap 1 

i TL. 

t—1 1=1 



^ E « N )4e^ 5 l]-(g)Apl (5.33) 



(a,5)<([n],d) 



Next, to prove the lemma, we use induction on n. When n = 1, the lemma is trivially true 
since A|~™' = Aj. Assume that the lemma holds for all A^" 1 ! with m < n. Let (a, (5) < ([n],d). 
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By LemmaETJand (ft aAn] )*[Q 1 "- 51 } • (4"" 1 ® 4"" 1 ® 4^) is ec l ual to 

i® la - 51 } ■ ((^ >w )MpJ ® (^, w )mS^ ® (^, H )*4- nI ) 

E IT (P 1 "** 1 ] • (4?< 11 ® 4f <l] ® 4^ MI )) ■ (5-34) 

■*i,i""-»A lil =i 1 i=l 

" 4 2,1 "' qA 2,!= j4 2 
A 3il o.-oA 3i =A 3 

Now our lemma follows from (|5.33|) and induction. □ 

Remark 5.15. We can also regard all the pairings in the proof of Lemma 15.141 as cap products. 
Then as 0-cycles, (^ n]iW ).(ev*[D(s [BiC q)] ■ ((f^)*A 1 ® (/M)*A a ® (/H)M 3 )) is equal to 

E (£,[»])* E fl([ei-^]-(4r ilI ®4J a4|I ®4f ail1 ))- 

(a,ff)<([n],d) M,i° ~° A i,i =A i i=1 

A 2i io--oA 2 j=A 2 
A 31 o-oA 3 ^=A 3 

Next, we extend the notation of Heisenberg monomial classes to a smooth family Y — >• T of 
quasi-projective surfaces. 

Definition 5.16. Fix positive integers si, . . . , St with ^ isj = n. Define 

t 

U ; r = n^( 1 ^) Si |0) (5.35) 

i=l 

to be the cohomology class represented by the cycle n!=i s »- ' IW] e A*(Y^) where W C Y^ 1 ' is 
the closure of the subset consisting of elements of the form 

t 

+ "• + &>«) e (Yu) [n] , ueT 

where £j iTr , € Mi(xi. m ) for some aJi, m € i^, and all the points Xi. m are distinct. 
The following lemma is similar to Lemma |5.13[ and its proof is omitted. 

Lemma 5.17. Let w = w Y be as in (|5.35[) . Then there exists u;I- n J g H*{YjT n ^) such 
that (0 [nUn] )*^"J = (/H)*-tu ; an d foot if p = (A,..., ft) < [n], fen (^, w )*u^ nl = 
E Ml o...o Wi=t „®U^!- lftl1 ^e identification Y^» = I]! l=1 Y^ M . 

5.10. Normal slices and universal families. By Lemma l5.11[ we have pi"' 15 ! c (Y|~ a ') 3>< (Y^-) 3 
tA(A a e ). In this subsection, with Y = X and a — [n], we will describe an analytic space, inde- 
pendent of e, which contains (Xl-™1) 3 Xrx n ) 3 L n(^[ n ],e) whenever e is sufficiently small. 

To begin with, let Y T be the total space of a rank-2 vector bundle, viewed as a smooth 
family of affine schemes. Define the fiber-wise averaging morphism 

ao : Y^ l) -> Y; ^ m,[x t ] G F t (n) ^ E m * x * e F *' * e T ' 

Here ^ ro^a;, is the sum using the fiber-wise linear structure of Y/T. Using YJf — > Y^ and 
we obtain the averaging maps oO : Y^ and — > Y. We define the relative 
Hilbert scheme of centered a-points to be 

yM=yM x ae , r (v, (5.36) 

where 0y C 7 is the zero-section of y — > T. 

Next, like in [Li Jj . we need to express an open neighborhood of the diagonal Ap] = A™ C 
X x X a vector bundle structure, using the first projection. As this is impossible in general, we 
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will content to have a C°°-vector bundle structure. For this reason, we will again work with the 
analytic category. We will use differentiable map to mean a C°°-map; and an open subset will 
be open in analytic topology; we will use regular function and Zariski open subset to stand for 
their original meaning in algebraic geometry. 

Consider the total space of the tangent bundle Tx, and its zero-section Ox C Tx- For an open 
Wclxljwe view it as a space over X via (that induced by the first projection) p^ \u :U—>X. 
By Lemma 2.4 in jLi Jj . there exists a diffcomorphism 

ip:U — >V (5.37) 

of a tubular neighborhood U of Xp] C X x X and a tubular neighborhood V of Ox C Tx , both 
considered as fiber bundles over X, such that 

(A-i) restricting to each fiber U x = (pr-J^) (x), the map ip x = (p\u x : IA X — > V x is a biholo- 
morphism, 

(A-ii) tpx(x) = G Tx,xi and dip x : Tu mtX — > Ty^o is the identity map. 
Since V C Tx (over X), we define 

V l x l = {(6, ■ • • ,6) e (T x p I Suppfe) G V}. 

For U over AT, we define — U xe x(^x)^ endowed with the obvious smooth structure. By 
Lemma 2.5 in [Li JJ . ip induces a differentiable isomorphism 

: w]? 1 — ► v]? 1 (5.38) 

as stratified spaces. Both V^*' and 14%^ are bundles over X: 

V 1 * 1 — > X and Z4 QI — > X. (5.39) 

The first is induced by the bundle V C Tx — > X, and the second is via (U x )^ H> {x}. As ->• X 
is a vector bundle, we obtain (T x ) l g Q C (T X )^ J as in (15351) . Let vjg = v]? 1 n Px)^, and let 
[/[«] c jH be the image of v|?q under the composition 

g a : vSAv| >1 -4 al ^lW xl ^ 1 W i 

where the first factor of U 1 * 1 -> JfH x AT is induced by the inclusion (Z4)H c XH, and the 
second is l|5.39[) . By the Lemma 2.6 and Lemma 2.7 in [Li J] . after shrinking V if necessary, 
is an open neighborhood of X^ x X n Ar n i C X* a ', and 

: VjgJ — > C/ W (5.40) 
is a smooth isomorphism of stratified spaces fibered over Ar„i, via the map 

and preserves the partial equivalences of V_|?q and C/1 a l. Note that 

X 1 -" 1 x x „ A w = ]J ^ [4W (XW x x „ A w ). (5.41) 

q< [n] 

So J7^ n l := U a < H <?!» W)W (LTM) is an open neighborhood of X x « A [n] in Since e 

is sufficiently small, Xx ™ A [n] , £ C J7^"l. Thus, 

(X [<«])3 X(xn)3 tn (A Wie ) C (C/^) 3 (5.42) 

noting that by our convention, is a fibered product over A[ n j. Since v|?q C (Tx)xo> 

we put vlf^ — U a <[ Jl ]0[ Q ].[ n ](V^ l J) C (Tx)^q'. Then, the smooth isomorphisms g a from (|5.40|) 
induces a smooth isomorphism 

*!<»] : Vgo" 1 ^ (5.43) 
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of stratified spaces fibered over X = Am. Combining with (|5.42|) . we have 

((T x )g"l) 3 D (vg* 1 ) 3 "h' (U^f D (lK»)) 3 x (x »),aA [B]ie ). (5.44) 

To prove universality results later on, we pick a differentiable map 

g:X — >Gr = Gr{2,C N ) (5.45) 

with N 3> so that Tx = <?*F as smooth vector bundles, where F — > Gr is the total space of 
the universal quotient rank-2 bundle over Gr. Let FqIq —} Gr be the associated relative Hilbert 
scheme of centered appoints. By Lemma 2.8 in [Li Jj . g induces isomorphisms (as stratified 
spaces) of fiber bundles over X: 

cti . frp yx t * pa, i „[<n] . frn \l<nj * p[<n] 

5.11. Pairings with [e^] when d > 0. 

Convention 5.18. Fix d > and Heisenberg monomial classes 

Ai = a_ AW (l x )a_„ M K 1 ) • • • a- nitUi (ai, Ui )\0) e H*(X^) (5.46) 

where 1 < i < 3, Uj > 0, and > 0. When |ct;j | = 4, we let (the cohomology class of 

a point). Moreover, if \ctij\ — 2, then can be represented by a Riemann surface intersecting 
transversally with DoUD^. For simplicity, put = A[- n] ® A l 2 - nl ® A l 3 ~ nJ . 

Our goal is to understand the pairing 

[9lMl] . ^I<«] wne n d > 0. 

Lemma 5.19. Fix d>0. Then, [QM] ■ = 0i/ one of the following holds: 

(i) I = 4 /or some (i, j); 

(ii) = 2 for two different pairs 

Proof (i) We begin with d > 0. Regard • A^ = [ef"^ 1 ] • A^ n l as a 0-cycle in X^ n l 

Choose the point representation xelof atj such that a: ^ DoU-Doo- By Proposition l2.7| can 
be represented by a cycle Wi C X*- n ' such that x € Supp(£i) for every £i g W^. Thus for every 
6 contained in the 0-cycle (^f n] , [n] ).(w.[£>(s In)fl )] • ((/H)Mx ® (/M)M a ® (/M)M 3 )), the 
point x is a component of in(^2) where in is from (|5.20[) . By the localized version of Remark l5.15l 
and induction, we conclude that x is a component of in(£) if £ is contained in [Of" c ' d "] • 
Now let d > 0. By the localized version of Lemma [5.111 we have 

e\:f C ((I'^') 3 x (xA}3 tA (A [n] , e )) n (J ^ )W ev(Xf 

(/3,»7)<(H,d) 

Thus, since d > 0, if £ e ©["c^' tnen * n (£) e ^N,e an( i 2/ G D U Z?oo for some component y 
of in(£). Since e is sufficiently small, we see from the previous paragraph that [Of™^ ] • A^- n ^ is 
empty. Hence as pairings, [QM] • A^ = [©f™^ 1 ] • A^"' = 0. 

(ii) Let (ct^jj = |ai 2j2 | = 2 where ^ («2, jz)- Represent oti lt j 1 and <x; 2 j 2 by Riemann 

surfaces Ci 1 j 1 and Ci 2 J2 respectively such that Jl; Ci 2 J2 and -DoU-Dqo are in general position. 
As in the proof of (i), we see that if £ € [©["c^] ' then in(£) £ Ar n i e and the components 

of in(£) contain three points x± £ Ci 1 .j 1 ^ X2 € Ci 2 .j 2 and £3 G -Do U -Doo- This is impossible 
since e is sufficiently small and Ci u j t , Ci 2 .j 2 , Dq U are in general position. So the 0-cycle 
[Q M] . A [<»] is empty . n 

Lemma 5.20. Let u x = 1, u 2 = U 3 = 0, and |a M | = 2 in dHU). T/ien, [61™^] ■ A^ = 
p ■ (Kx, cki,i) where p is a constant depending only on n\ t x and the partitions X^K 
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Proof. Represent a^i by a Riemann surface Gi : i intersecting transversally with D U D^. Let 
Ci.iH-Do = {xi,...,x a+ ,x a++ i,...,x a++a _}, 

Ci,i n Z?oo = . . . , a; s++s _ +t+ , x s+ + s _+t + +i, • • • , x s++s _ +t+ +t_} 

so that the points xi, . . . ,x a+ + a _+t + +t- arc distinct, the intersection of Ci,i and Do at a;, for 
1 < i < s + (respectively, for s + + 1 < i < s + + s_) is equal to 1 (respectively, —1), and 
the intersection of Cx i and at x< for s+ + s_ + 1 < i < s+ + S- + t + (respectively, for 
s+ + s_ +t+ + l < i < s + + s- +t + + t-) is equal to 1 (respectively, —1). So s+ — s_ = (D , 
and t+ — i_ = (-Doo,cn.i)- Let x; € Aj be a small analytic open neighborhood of Xi such that 
Xx, . . . , X s++s _ +t++t - are mutually disjoint. As in the proof of Lemma 15.191 (i), we see that the 
0-cycle [ef"/ 1 ] • AK"' is a disjoint union of Wx, . . . , W s++s _ +f++t _ such that in(Wi) C (A 4 )" for 
every i. Let be the contribution of each Wi to the pairing [Q^f] ■ A^ n l Then, 

[6 M] • = [&t dl ] ■ =e 1 + ... + e s++s _ +t++t _. 

As in the proof of Lemma 4.3 in [LL], we conclude that each e\ can be computed from Xi so that 
ex = •■ ■ = e s+ = — e s++ i = . . . = — e s++s _ and e s++s _ + i = . . , = e s++s+i+ = — e s+ + s _+i + +i 
. . . — e s+ _|_ s _ + { ++ t_ depend only on ni ; i and the partitions A^. Since D = ifjst + ^oo, 
[e I«,d]] . A I<n] = {g+ _ s _ )pi + {t+ _ f_) 6s++s _ +1 

= e a • (D , + e a++a _ +1 ■ a lt x) = P ' (Kx,ati,i) + V • (Ax>, (5-47) 

where p — e\ and p' = ex + e s+ + s _+i. Note that for m 3> 0, there exists a meromorphic section 
6 m of Ox(i^x) such that mDao is the pole divisor of m . By (|5.47l) . 

[eM] . A \<n\ =p .{K x ,ai t i) +p' ■ (mD^ax.x) 

for all m > 0. It follows that p' = and [6^] • A^ n l = p • (if X) a M ). □ 

Lemma 5.21. Let d > and A, = a_ A(I , (l x )|0) /or i G {1,2,3}. Then, [QM] ■ = 
p- (K X ,K X ) where the coefficient p is a constant depending only on the partitions \">. 

Proof. By Lemma ETC C (X^f x (x „ )3 t„(A [n]>e ). Using ([B~44j) and the smooth iso- 

morphism ([531, w e transport the 0-cycle [eM] • A^ in (X^) 3 x (x ^ t n (A [n] , e ) to the 
following 0-cycle in (vjg 1 ) 3 C ((Tx)g 1 ) 3 : 

(e!<„j)*[eM] ■ (4n])*(^- nl l(^l)3x (xn) 3 t „(A M , e ))- 
Note that these two 0-cycles have the same degree. So as pairings, 

[e M] . A l<n] = (gf< nl )*[QM] . (ef< nl )*(AK*l| (xK » 1)8X(jcB)84B(AWi .)). (5.48) 

Let g from (|5.45p be generic, and let F — > Gr be the total space of the universal quotient 
rank-2 bundle over Gr = Gr(2,C N ). Let T x — >• X and F — ► Gr be the projectifications of 
Tx — > A" and F — > Gr respectively. Then the differentiable isomorphism Tx = g*F induces a 
differentiable isomorphism Tx — g*F. Note that the top diagonal A^ := A^ n i^rO m ^GrO 
is the 0-section of i*cj r o — ► Gr. Put A^ e = e n Fq t0 . Applying the previous constructions 
to the families F —> Gr and Tx —> X and adopting the proof of Lemma 6.1 in [Li Jj . we conclude 
that there exists a cycle 9^'^ C (-Fgrf o") 3 x (^<5 r0 ) 3 ' , "(^M°e) sucn tnat 

[6| l ' dl ] G ^((^f?) 3 X(^ r , )3 ^(AfJ)), (5.49) 

g)IK rf ] p| ^((F^q") 3 X( F n q )3 t„(A^j° e )) Xcr A^j is a transversal intersection, and 

(ef^j^CeM) = e|- d i n (((4^) 3 x (F ^ o)3 ^(Agjj) x Gr a) (5.50) 
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via ((T x )g?)» x ((Tx) „ q)3 ,„(Agf) - ((4f l)3 x (FSro)3 tnCAgy) x Gr X. Thus, 

(Ql<nl)n® M } = [(Qi<„ } rH® M )} (5-51) 

is a homology class supported on ((Tx)^™ 1 ) 3 X((t x ) x0 )3 i„(A^'°). 

Let Aj x = O^ (j) (lx)|0) € ^((Tx)^ 1 ) be defined in Definition EH and put 

( A T x , 0) [<n] = (A T X , 0) I<„] g (A T X , 0) [<„] g (j4 T x , 0) [<„] 

where e iT ((Tx)^ 1 ) is the pull-back of (Aj x )^ € JT*((T x )5f nI ) via the inclu- 

sion (Tx)^ 1 C (Tx)^" 1 . Let S denote the intersection 

(((Tx)^o 1 ) 3 X((Tx)3:, )3 ^(Ag'°)) n (^<„ I )- 1 ((^ I - n1 ) 3 X(X»)3 ^(A w , e )). 
Then, S = (gf<„j)- 1 ((^ B " 1 ) 3 X(X")3 *«(A [n] )). We claim that 

(^nlJ^^kjfKnljax^,,^,.))^ = (A T -°)^| S , (5.52) 
i-e-, (ef< nl )*(^ I - nI l(xi<"i)3x (x „ )3t „(A w )) = (A T - )B«]| S . It suffices to prove that 

^(aPIxi^Ix^Ah) = (Aj x ' )^ n \ iniixl ^ XxnA[n] y (5.53) 

Indeed, for every a < [n], we conclude from Lemma [5 .131 and Lemma [5 . 1 7l that the same subvariety 
in g7< n j (</'[ a ] i [ rl ](Xl[ Q Il Xx» A[ n j)) represents the cohomology classes 

M^"Vu^-x.„A H) ) and (^• ) KB, l s - l (, MiW(JfMxjrwAw) ). 

Since Jtfl x xn A [n] - TJ Q < [n] </>M,[n](* W xx» A [n] ), we obtain (|533J). 
By (|5.48|) . (|5.52p and (|5.51|) . as pairings, we have 

[eM] . A i<«] = (^ nl )*[ei"- d i] • (A T -°)^"i| s - [(gf<„ 1 )- 1 (ei'^i)] ■ (^<°)[<»J. 

Let ( ff K"l) 3 : ((Tx)^o 1 ) 3 -> (^cf.o 1 ) 3 x Gr^ be the isomorphism induced by g. By Lemma[HI3 
MT X ,0)[<„] can be taken tQ be ( 5 [<«]) 3 *((^°)[<™]| «„, ). So 

[©m,,]] . A i<m = i^-^eM)] ■ ( ff [<«i) 3 *((^°)^i| (F , f:ol)3xG 

Combining with (l5~50D and putting PF e = (F^™ 1 ) 3 x (^ r , ) 3 *n(A£° e ), we get 

[ e [«.«d] . = [( e f< nl )- 1 (ei n ' d i)] • ( 5 |<»i)3*((A^°)K"V, 
= ((sP nl ) 3 ).[(4r 1 (e M )]-(A f '°)^V ! 
= ([e| n4 ]'<[?(x)])-(A F ' ) Kn V. 

where (gl"™ 1 ) 3 : ((Tx)go" 1 ) 3 x ((t x ) x>0 ) 3 ^(A^f) -> W e is the morphism induced by 5 , and 7r e : 
W c — ► GV is the tautological projection. By (|5.49l) . [6^' d "] is supported on W := {F^$) s X(Fg r ) 3 
t„(A^'j°). Therefore, we obtain 

[6 M] . (A^°)^»V) • tt*[ 5 (X)] = ^([6^] • (A F >°)^\ W ) ■ [g(X)] 
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where it : W — > Gr is the tautological projection. The Poincare dual of 7r* ^[O^'^] • (A F '°)I-™J \w^j 
is a polynomial P in the Chern classes Ci(F). Hence, 

[ 9 M] . A I<»] = p .(K x ,K x )+q- deg(e x ) (5.54) 

where p and q are constants depending only on the partitions \^ . 

Finally, it remains to prove that q = in (I5.54[) . To see this, choose the surface X such that 
\Kx\ contains a smooth divisor D. Let 9 be a holomorphic section of Ox(Kx) such that the 
vanishing divisor of 9 is D = Dq. By (|5.5ip . (f?| <n j)* [Q^^] ^ s a homology class supported on 

{{TxId)^^) 3 x ({t x \d)'o ) 3 L n(^[n^ D ' )- Repeating the above argument and replacing g : X — > 
Gr (respectively, Tx — > X) by g\n ■ D —> Gr (respectively, Tx\d —> D), we get 
[el«,fl] . A l<nJ = v > . ^ JfjCj Kx) =p.(Kx,K x )+q- deg(ex) 

where p' depends only on the partitions . Since there exist infinitely many surfaces X with 
smooth D G \Kx\ such that the pairs ((Kx, Kx), deg(ex)) are distinct, p = p' and q = 0. □ 

5.12. Proofs of Theorem [TH] and Theorem EH Let B = {ft, ... ,ft} be a basis of # 2 (X). 
Then, {ljf, a:, ft, ... , ft,} is a basis of H*(X), and iJ*(Xl n l) has a basis £?M consisting of the ele- 
ments a^\(l x )a^ tl (x)a_ u {i) (ft) • • • a_„(k) (ft)|0) where |A| + + — n. Via the Kiinneth 
decomposition, a basis of H*((X^) 3 ) consists of the elements A\ <g> A 2 <E> A 3 — n^i^n i^i, 
where A U A 2 ,A 3 £ fiW and tt, m denotes the i-th projection (X^) 3 -4- 

Definition 5.22. (i) Let d > 1, and let 'Pjj d be the subset of V[ n ],d consisting of all the 
weighted partitions (a, 5) such that Si > for every i. 
(ii) For d > 1, define the class 3n,d = 3? hd G ff*((XM)3) by putting 

3n, rf -II<^ = i- £ (^ N )*[6^1].(Apl®4- nl ®4- nl ) (5-55) 

for the basis elements Ai,A 2 , A% G BM. 

Next, we prove Theorem 11.21 and Theorem 11.31 which determine the structure of the 3-pointed 
genus-0 extremal Gromov-Witten invariants of X'"', Note from Theorem 11.31 that the class 
Jn,d — 3nd 1S independent of the choice of the basis B of H 2 (X). So from now on, the basis B 
of H 2 (X) will be implicit in our presentation. 

Proof of Theorem ] 1.2\ By ()5.33|) . the invariant (Ai, A2, As)a,dp n is equal to 

A E (?«,[n])*[e M ] • (4- nl ® 4- nl ® 4-" 1 )- (5.56) 

n ' (M)<(W,d) 

Define a = Si — 0}, and let (a , 0) be the weighted partition such that all the weights are 

equal to 0. Let (a',S') be the weighted partition obtained from (a, 5) by deleting all the ai and 
S, with S t = 0. Let \a'\ = to, A q o = U.i( a °)i, and A q' = ILK)*- Tnen , a = ( a ° , 0) ]J(a' , S') , 
\oP\ = n- m, and [n] = A Q o JJ A Q ,. By EMD, (< [n] )*[0 M ] • (4^ ® 4"" 1 ® 4"" 1 ) equals 

E n([ei^i].(4f^«®45i-'^4f-n)) 

^i,i° - ° A i,i= A i i=l 

A 2i io - oA 2 ,=A 2 
■ 4 3,1°-° A 3,1= A 3 

E (^o,a qO )40 Iq0 ' 01 ] • (4fi ( "~ m)1 ® 4j"- m)1 Ag (n - m)1 ) 

A 1,1° A 1,2 = A 1 
A 2,l oA 2,2 = A 2 
A 3,l oA 3,2 = A 3 

■(^,A a ,)*[e^'^] • (4f 2 rol ®4- 2 rol ®4-2 ro1 )- 
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Put A = A a i. By (|535|l . {A 1 ,A 2 ,A 3 ) 0id/3n is equal to 
ttT E E 

m<n ^l,lo>ll,2= A l AC[n] / / ,5;\p-p+ 
A2,l°A 2i 2=A 2 |A|=m ^ ' ' A,d 
A 3,l oA 3,2=- 4 3 

E fe,w-A)'[ eIa °' 01 ] • (A\f n - mn ® Ag (n - ro)1 ® 45 (w - m)I ) 

■(^ )A )*[e^' ''!] • (Ag wl ® 4- 2 mI ® 4- 2 mI )- (5-57) 
In particular, setting d = in f|5 . 5T[) . we see that (Ai, A2, A3) is equal to 

±- E (^ )N )*[e^]-(Ap^4- nl ®4- nl ). 

Therefore, by f|5.5T[) . {A\, A2, A 3 )Q t< i0 n is equal to 

^'E E E E (n-m)!-{A u AiAi) 

- A 2il oA 2>2 =A 2 |A| = m \ a <° >^> A.d 
A 3,l° A 3,2=-*3 

i? a ,AU® la '- s ' j ] ■ (AT 1 ® 4? 11 ® 4f 2 ml ) 



A 2,l oA 2,2-' 4 2 



■$l, [m] u® laA \ ■ (AT 1 ® 4? 1 ® 4f 2 m1 )- 

Using the definition of 3m, d, we complete the proof of our theorem. □ 

Proof of TheoremEjfi Let A t = a_ x «) (lx)tt-,t« (x)a- ntil (ai,i) ■ ■ ■ 0~nt, Vi {<*i,u t )\0) with \a id \ = 
2. By linearity, we may assume ctij £ B for every i and j. By (|5.55|) and (|5.34p . 

3M-n<^=^- e e noe^i-c®?^^ 11 )). (5.58) 

i=l t aS )ep+, , A i,i°- aA i,!= A i i=l 

v ' A 2 1 o - oA 2 ;=A 2 

A3 1 o-oA 3j ,= J 4 3 

So our theorem, except the degree of p in (ii), follows from Lemma 15 . 191 Lemma 15.201 and 
Lemma 15.211 To see the degree of p in (ii), consider a nonzero term in (|5 . 58|) : 

H ([6^*1] • (A\f a ^ ® Ag |ai|1 ® 4f a<11 )) . (5.59) 
»=i 

By Lemma r5.19l (ii). for each i in (|5.59[) . the classes Aii, A^.i, A 3> i together contains at most one 
Heisenberg factor of the form ct_„ k {a,j t kj- By Lemma r5.20l and Lemma T5.2 11 the degree of f|5 -59[) 
as a monomial of (Kx,Kx) is equal to |/| where I is the set consisting of the index i £ {1, . . . , 1} 
such that the classes A\^, A<x t i, A 3i i together do not contain any Heisenberg factor of the form 
a- rlj k (aj.k)- Now for each i £ I, |a,| > 2 since 8i > 1. So we conclude that 

|/| < ~ E = - E i^i) ^ \( n - E 

Hence the degree of p as a polynomial of (Kx,Kx) is at most [n — J2i j n i,j)/^- D 

Corollary 5.23. Let d > 1, and let Ai,A2,A 3 £ H*(X^) be Heisenberg monomial classes. 

(i) IfA 1 = a_ 1 (l x )«- 1 o_i(a)|0), then X,d • IlLi <<A = °- 

(ii) // A x = a_i(lx)" _1_|A| a_i(a)o_ A (a;)|0) for some X, then (A u A 2 , A 3 ) Otd0n = 0. 
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Proof, (i) First of all, if a = x, then X,d ' IlLi K,i A i = b y Theorem O (i) . 

Next, let a = lx- Use induction on n. Since d > 1, the conclusion is trivially true when n = 1. 
Let n > 1. Recall that 1/n! • Aj is the fundamental class l^M of XM. By Theorem 11.21 and the 
Fundamental Class Axiom of Gromov-Witten theory, 

J2 (A M ,A 2il ,A 3il ) • (3 m ,d-n<»,«^. 2 ) =°- 

m=2 A 11 oA 12 = A 1 V i=l / 

A 2,1° A 2,2= A 2 
^3,1 °^3,2=-43 

Since A 1 = a^(l x ) n \0), we have A 1)2 = a_!(lx) m |0). By induction, 3 m ,d ■ Ilti CA^ = if 
2 < to < n - 1. It follows that 3„ )d • nLi <,i^i = °- 

Now let |a| = 2. By the Divisor Axiom of Gromov-Witten theory and (Ai,/3„) = 0, we 
have (Ai, A2, A3)o^p n — 0. Using an argument similar to the one in the previous paragraph, we 

conclude that 3n,d ■ IlLi ^n,i Ai = °- 

(ii) We compute (A 1: A%, A 3 ) ,d,s„ by using (| 1 . 3[) . Note that the class A i:2 hi (|1.3|) is equal to 
o_i(lx) m |0), or is equal to a_i(lA-) m_1 O-i(a)|0), or contains a factor a_j(a;) for some i > 0. By 
(i) and Theorem Q (i), we get (A 1 , A 2 , A 3 ) ,d/3 n = 0. □ 

6. Proofs of dU2D and Theorem [TTTI 

Let X be a simply connected smooth projective surface. Our goal in this section is to prove 
fL~2]) and Theorem O for AM = (JfM). The proof of (T2J) is divided into three cases depend- 
ing on the cohomology degree of the class a in (|1.2[) and leading to Proposition ^. 31 Proposition l6.9l 
and Proposition 16.121 Assuming these three propositions, we now prove Theorem 1 1.1 1 

Proof of Theorem ] 1 . 1[ Note that the shift number (or the age) of the class p- ni (an.) • ■ ■ P-n s (ot s )\0) 
is equal to ri\ + . . . + n s — s. Define a linear isomorphism 

* : F x -> H x (6.1) 

by sending y /ZT\ nt+ '" +n ' s p_ ni (ai) ■ ■ ■ p_„ s (a s )|0) to a_ ni (ai) • ■ ■ a_„ s (a s )|0). This induces a 
linear isomor phism : ffg R (X( n )) -> iP(XM) for each 71. Mor eover, is simply the identity 
map on the cohomology group of the surface X. 

By (14.61) , Proposition 16.31 Proposition 16.91 and Proposition 16. 121 the two formulas and 
(fl~2]) hold for AM = ff* n (XM). By the proof of Theorem El (i.e., Theorem 4.7 in |LQW3| ), 

«*(«) = - E ^r*A(T„a)+ 2 24A~ 2 aA(T * (exQ)) ' (6 ' 2) 

^(A)=fc+2,|A|=0 £(A)=fc,|A|=0 



Combining this with formula (|3.1I) . we check directly that 

*r l (v /3 T^O fc (a,n) • \/=T ni+ '" + "' _s p_ ni (ai) • ■ ■ p_„ s (a s )|0) 
= *n(V-l D fc (a)p_„ 1 (ai)---p_„ s (a s )|0)J 

= fc (a)o_ ni (ai) • • ■ a_n s (o; s )|0) 

= G k (a,n) ■ a_ ni (Q!i) • • • a_„ s (a s )|0) 
where ri\ + . . . + n s = n. In particular, letting s = n, n\ = . . . = n s = 1 and a\ = . . . = a s = lx, 
we obtain \& n (V — 1 Ofc(a,7i)) = Gfc(a, n). Thus, 

^V 3 ! Ofc(a,n) • V^l ' P-m(ai) • • • p_„ s (a s )|0)J 

= (V^T fc O fc ( a , „)) . (V^^'-^^'p-nx • • • P-n s (a.)|0)) . 

Since the classes Ok(a, n) with > 0, a € H*(X) generate the ring H^ R (X^), we conclude that 
: H^ R {X (n y) -> £T(XM) i s a ring isomorphism. □ 
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Remark 6.1. Using Heisenberg monomial classes, one checks that the ring isomorphism ty n pre- 
serves the pairings on ffJ R (lW) and H*(X^). 

In the next three subsections, we will verify (jl.2[) by proving Propositions l6.3U6.9l and r6.12l used 
in the proof of Theorem 11.11 For simplicity, put {wi,w 2 ,w^)d = {wi,w 2 ,w^)^^dp n - In addition, 
u>i, w 2 and W3 will stand for Heisenberg monomial classes. 

6.1. The case a — x. We begin with a setup for the proof of fll.2|) for arbitrary a, (3 g H*(X). 
To prove l|1.2p . it is equivalent to verify that 

([e k (a),a-i(p)]w 1 ,w 2 ) = y(a {k ha^)wi,w 2 ). (6.3) 

for wi € ^JX'"- 1 ') = i?*^"- 1 ]) and w 2 G i?* n (XM) = H*(X^). Put 

D^(w ll w 2 \q) := ([<5k(a;q),a- 1 (P)}w 1 ,w 2 ) - 77 {a^} (a/3)w 1 ,w 2 ) (6.4) 
where we have omitted k in D^(wi, w 2 ; q) since it will be clear from the context. 
Lemma 6.2. The difference D^(wi,w 2 ',q) is equal to 

12 12 A ! . mi 12 ((l-(n- J -i)n-A(T.a)|0),a_i(/3)wi,w 2 ) d 



_ (M«-J-2)^A( T * a )l o )>wi,a_i(/3)V0 d )? d 



+ 51 XI f\ e \{\) ■ (a\(T r (eaP))wi,w 2 ) 

ee{K x ,K 2 x } «(X)=fe+i_-|ei/2 

51 ' (<l-(n-j-i)a-A(r»(ea))|0),a_i(/3)wi, w 2 ) 



0< j<fc 



f(A) = fc-j+l-|e|/2 



_ ( 1 -(n- J -2)a-A(T»(ea))|0), wi,a_i(^) t u;2)) (6.5) 

where a—i(/3y — — ai(/3) is i/ie adjoint operator of a_i(/3), and the functions /i e i(A) and <7| e |(A) 
depend only on k, \e\ and A. 

Proof. By (|4.5p . ([<8fc(a; g), a_i(/9)]ti;i, w 2 ) is equal to 

(&k(a- : q)(a- 1 ((3)w 1 ),w 2 ) - (a_ 1 (^)(8fc(a; g)(wi), w 2 ) 
= (© fe (a;q)(a_i(/3)wi),u; 2 ) - (<5 fc (a; g)(iui), o_i(/3) t w 2 ) 

= 51 ((Gfe(a,n),a_i(/3)wi, w 2 ) d - (G fc (o!,n - l),wi,a_i(/3) t u; 2 ) d ^g d . (6.6) 

If d > 1, then we see from (|4.4j) and Corollarv l5.23l fii) that 

(G k (a, n),a-i(/3)wi,w 2 ) d 



= 12 12 Ti . mi (l-(»- 3 -i)Q-A(r.a)|0),a-i(/3)u)i,w 2 ) c 

0<j<fc Ah(j + 1) 'I I" 

J >(A) = fc-j + l 

Similarly, if d > 1, then (Gfc(a, n — l),wx, a_i(/3) t u' 2 ) (i is equal to 

(_]\|A|-1 

X X, A ! , [Tj| (l-(n- J -2)a-A(na)|0),wi,a,i(^) t w 2 ) d . 

J >(A) = fc-j + l 



(6.7) 



(6.8) 
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Next, we study the two terms with d = in (|6.6[) . By (|4.4I) and Theorem l2.5[ 

G k (a,n) = G k {a,n) - ^ <7| £ |(A) ■ l_(„_j_i)O_A(r*(ea))|0) 

0<j<* «W=fc-i+l-|.|/2 

where <7| e |(A) depends only on fc, |e| and A. By Theorem 12.11 (hi). Theorem 12.31 and Lemma \A. 51 
(Gk(a,n),a^i(j3)wi,w 2 ) - (G k (a,n~ 1), wx, d-xiffi w 2 ) equals 

(G k (a,n) ■ a-i(P)wx,W2) ~ (G k (a,n- 1) ■ wi, a_i(^) t «7 2 ) 
= (0 fc (a)a-i(/3)u)i,u;2) - (a_i(/3)© fc (a)wi, w 2 ) 

= ([® k (a),a- 1 (f3)]w 1 ,w 2 ) = (a^ (a^Wi , w 2 ) 

= rf <ai* } (a/3)« ; i,W2) + /j e |(A) • (<x\(t* (eaP))w u w 2 ). 

L XJ | A | = — 1 

Thus, (G k (a, n), a_i(/3)wi, W2) — (G k {a, n — 1), wi, a_i(/3)^u>2) is equal to 

i(ai fc 1 } (a/3)u; 1 ,«, 2 ) + £ £ / M (A) • <a A (r,(ea/3)) Wl , «*) 

1 XJ I A I = — 1 

Yl Yl 9\^W- (^-{n-j-i)a-x(n(ea))\0),a-i(fi)wi,W2) 

0<j<fc «W=fe-i+l-|e|/2 

-<l-(, l - J -2 ) a-A(r*(ea))|0), Wl ,a_ 1 (/3) t W2 )). (6.9) 
Finally, our lemma follows from ([6"7T|) . and □ 

Now we deal with the simplest case when a = x and j3 is arbitrary. 
Proposition 6.3. If a = x is the cohomology class of a point, then M.ty) is true. 



Proof. By Corollary 15.231 (ii). every term in (|6.5p is equal to zero. So Dp(wi,w 2 ;q) — 0. Setting 
q = —1, we conclude immediately that (|1.2[) is true. □ 



6.2. The case \a\ = 2. We begin with two lemmas about the structures of the intersections in 
H*(XW). 

Lemma 6.4. Let X be a partition with |A| < n. For i — 1 and 2, let 

m = a_ A co( a; )a- Al (o (lx)a- n4 ,i(«i,i) ' ' ' a -«i, Ui (6.10) 
where \otij\ = 2 /or all i and j. Then, /a_i(lx)" ~' A 'a-A(^)|0), Wx, w 2 ) is equal to 

8 Uu u 2 ■ ^2 Y[(ax,i,a 2 , a (i)) -p(a) (6.11) 

<rePerm{l,...,ui} i=l 

where p(o~) depends only on er, n, A and a// £/ie , fj,^ , m t j . 

Proof. By Lemma H (i), a_i(lx)"^ |A| a_A(a;)|0) is a polynomial of the classes G k (x,n), k > 
whose coefficients are independent of X. In addition, the integers k involved depend only on A. 
Note that 

(G kl (x,n) ■ ■ ■ G kl (x,n),wx,w 2 ) = (®kA x ) ' ' ' ^ki(x)wx,w 2 ) 
= (a_A(i)(z)a_ niil (ai,i) • • • a-„ liU1 (ari, Ul )<Ski (x) ■ ■ ■ & kl (x)a_^i)(l x )\0),w 2 ). 



COHOMOLOGICAL CREPANT RESOLUTION CONJECTURE 



33 



So by Theorem 12.41 and Theorem 12. II (i). (G kl (x, n) ■ ■ ■ G k[ (x, n),W\,W2) equals 

Su u u2 ■ ^2 Y[(ai, l ,a 2 , cr (i)) -Pier) (6.12) 

erePerm{l,...,«i} i=l 

where p(cr) depends only on a, n, A»i, . . . , ki and all the \^ , n^> , m,j . □ 

Lemma 6.5. Let no > 1. \a\ — 2, and X be a partition. Let wi and w 2 be given by 16.10\) . Then, 
(l_( n _| A |_„ o )a_A(x)a_„ o (a)|0), w b w 2 ) is equal to 

Ml 

(Kx,a) ■ 5 Ul ,u 2 ■ ^2 H( a i,*> a 2,ffi(<)) •Pi(o'i) 

ffi6Perm{l,...,«i} i=l 

Ml 

+ y^(a, otij) ■ 5m-i.ua • X!IT^ Q;i ^ i ' a2 ^2(i)) -V2(pi) 

j=l a 2 ijtj 

U 2 Ul 

+ ^2(a,a 2 .j) ■ S UltU2 -i ■ ^2Y[(ai,i,a2,a 3 (i)) ■ Ps(os) (6-13) 

j = l <T 3 i = l 

where o~ 2 runs over all bijections {1, ...,iti} — {j} — > {1, ...,112}, 03 rims over aZZ bisections 
{1, . . . ,ui} —t {1, ...,7/2} — {j}, and pi((Ti) (respectively, p 2 (o- 2 ), Vzipz)) depend only on o\ 
(respectively, a 2 , 0-3), n,no,X and all the \w , (fi) , riij . 

Proof. By Lemma I2TB1 (ii) . l_(„_i>i_„ )a-A(ar)a_ no (a)|0) can be written as 

(a,n) ■ F 2 .i{n) 

i 

where F\(n) and F 2 ^(n) are polynomials of Gu{x, n),k > whose coefficients are independent of 
n and a. Moreover, the integers k and ki depend only on A and n$. Thus, 

(~L-(n-\\\-n o )a-\(x)a-n o {ci)\0),w 1 ,w 2 ) 

= {K x ,a)-(F 1 (n),w 1 ,w 2 )+^{G k Xu,n)-F 2 ^(n),w 1 ,w 2 ). (6.14) 

i 

As in the proof of Lemma 16.41 (Fx(n), wi,w 2 ^ is of the form 

5«i,«a • ^2 n( a l.i> a 2,<ri(t)) ■PiA (J l) (Q.15) 

a\ £Pcrm{l,. . . ,Mi } i=l 

where Pi,i(o"i) depends only on ai,n,no,X and all the AW, py> , riij . Also, 

(G ki (a,n)G sl (x,ri) ■ ■ ■ G Sl (x, n), wi, w 2 ) = (® si (x) ■ ■ ■ & Sl (x)& kt (a)wi,w 2 ). 
By Theorem 12 .41 and Lemma T2.61 {G ki (a, n)G Sl (x, n) ■ ■ ■ G S[ (x, n),wi,w 2 ) equals 

Ml 

(Kx,a) ■ 5 UltU2 ■ ^2 JJ(ai,i,a2,<ri(i)) • £1,2(01) 

a 1 GPcrm{l, ...,Mi } i=l 

mi 

+ ^2( a , a l,j) ■S U1 -1,U 2 ■^2W{ a l,i^ a 2,a 2 (i)) ' P2(0"2) 
j=l a 2 i^j 

U 2 Ml 

+ ^2( a , a 2, 3 ) ■ <5mi,m 2 -i • ^2Y[(ai,t,a 2 ^ 3(l) ) ^3(0-3) (6.16) 

j=l <t 3 i=l 

where o"2 runs over all the bijections {1, . . . , ui} — {j} — » {1, . . . , U2}, and 03 runs over all the 
bijections {1, . . . , u\} — > {1, . . . , u 2 } — {j}. Hence Yli {Gk, (<*, n) ■ F 2j i{n),wi 1 w 2 ) is of the form 
(|fTT6| as well. Combining with (|67l4|) and (|Q5)) . we obtain (|6~T3|) . □ 
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Next, we introduce the notion of universal polynomials P(Kx, Si, S2) in (Kx, Kx) of degree 
at most m and of type (u±, U2), and prove a vanishing lemma. 

Definition 6.6. Fix three integers m, ui,U2 > 0. Then a universal polynomial P(Kx, S±, S2) in 
(Kx, Kx) of degree at most m and of type (ui, u 2 ) is of the form 

II (Kx,ai.i)- Yl { R x,oi2,i) 

1<. 1 1 < . . . < l s <.U2 

S 

X! Y[( a i,ji) a 2,a(ii)) ■p(h>---,js;h,.--,l s ;o-) (6.17) 

crePerm{/i,...,/ s } i=l 

where Si = {a^i, . . . , a i>Ui } C H 2 (X), and p(ji, . . . , j s ;h, . . . ,l s ; a) is a polynomial in (K X ,K X ) 
whose degree is at most m and whose coefficients are independent of X and the classes otij. 

Lemma 6.7. Fix m,ui,U2 > 0. Let P(Kx, Si, S2) be a universal polynomial in (Kx,Kx) of 
degree at most m and of type (u±, u 2 ). Assume that P(Kx, Si, S2) = whenever X is a smooth 
projective toric surface. Then P[Kx, Si, S2) = for every smooth projective surface X. 

Proof. Let r ^> m + ui + U2, and let X r be a smooth toric surface obtained from P 2 as an 
r-fold blown-up. Let Lq be a line in P 2 , and let ei,...,e r be the exceptional divisors. Then, 
Kx r = — 3Lo + ei + . . . + e r . For fixed ji, ■ ■ ■ , j s ,h, ■ ■ . ,l s and a, let 

{a M |z E {1, . . .,ui} - {ji, . . . ,j s }} = {-ei,...,-e Ul _ s }, 

{oi2,i \ i G {1, ■ • ■ ,u 2 } -{h,..., l s }} = {-e Ul _ s+ i, . . . , -e Ul _ s+U2 _ s }, 

and ai t j t = a 2ja (h) = e ul - s +« 2 - S 4-2i - e ul _ s+ « 2 - S 4-2i-i for i = 1, . . . , a. Then, 

= P(K Xr ,Si,S 2 ) = (-2) s • p(ji, ...../,:/; /.-: <r) (6.18) 

by (|6.17[) . It follows that p(ji, . . . ,j s ;h, . . . ,l s ;a) = for all the surfaces X r with r ^> ni+ui+u 2 . 
Since p(ji, ■ . . ,j s ; h, . . ■ , l s ; cr) is a polynomial in (Kx r , Kx r ) whose degree is at most m, we 
conclude that as polynomials, p(ji, . . . ,j 8 ; h, . . . , l 8 ; a) = 0. Therefore, P(Kx,Si, S2) = for 
every smooth projective surface X. □ 

Our next lemma is about the structure of certain 3-pointed extremal Gromov-Witten invari- 
ants, and provides the motivation for Definition [ 



Lemma 6.8. Let d,no > 1 and \a\ = 2. Let wi and W2 be given by H6.10\) . Then, 

(l-(n-\\\-7i )a-\(x)a- no (a)\0),wi, w 2 ) d = (K x ,a) ■ P{K x ,Si,S 2 ) (6.19) 
where Si — {aij, . . . , S 2 = {a 2j i, . . . 

,02,112)1 and P(Kx , Si, S2) is a universal polynomial 
in (Kx, Kx) of degree at most (n — uq)/2 and of type (ui, 112). 

Proof. For simplicity, let u>o = l^( n ^\\\^ no -)(X-\(x)a- no (a)\0) . Also, for i = 1 and 2, let Wi = 
a_ M (i) (lx)a-n iA (ai,i) ■■■ a_„ i>u . (a i:Ul )|0). We compute (w ,wi,w 2 ) ll by using (TO)) . Consider 
the following term from (| 1 . 3[) : 

' w \ „ ( Wi \ „ / w 2 



(B ,Bi,B 2 ) ■ 3 m ,d ■ <s ) ■ <a J ■ < 3 I -f 2 J (6.20) 

where m < n, B ,Bi,B 2 G H*(X^ n - m ^), B C w , B x C Wi, and B 2 C w 2 - By Theorem O (i) 
and Corollarv l5.23l fi1. such a term is nonzero only if B = a_i(lx)' 7 a-A(a ; )|0) with j < (n— |A| — 
n ), Bi = a_ A <i) (x)Si with i?! C Wi, and -B 2 = Q-a< 2 > fa) -^2 with _B 2 C w 2 . In this situation, 
(|6.20l) can be rewritten as 

<a_i(lx) J a_ A (a;)|0), a_ A(1 , {x)Bx,a_ x m (x)B 2 ) (6.21) 

% -rr* ^ 1 -(n-|A|-no)a-n o (a)|0) ^ , ( BJi \ / £5 2 \ , fi 9<? x 

' 3l - rf ' I a_ l( U),|0) ) ' ^ 2 ' \%) • (6 } 
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Note that B 1 = a_ vi i) (lx)a_ nMi (eti tjl ) ■ ■ ■ a-m, je (ai,j s )l ) for some 1 < ji < ■ ■ ■ < J s ^ u i 
and some sub-partition i/W of /zW (i.e., every part of i/W is a part of /iW). Similarly, #2 = 
a_ !y (2)(lx)a-n 2 .i 1 i a 2,h) ' ' ' a -«2,i t ( a 2,z t )|0) for some 1 < h < . . . < l t < u 2 and some sub- 
partition z/ 2 ) of ^S 2 \ By Lemma T6. 41 (|6.2ip equals 

Ss ' t ' X! II^ 1 '?*'" 2 ' "^^ ■Pt{h,---,3a\h,.--,l s ;o-) (6.23) 

o-£Perra{h, ...,(.} »=1 

where p± is a number independent of the surface X and the classes otij. By Theorem II. 31 we see 
that the factor (|6.22j) is equal to 

(K x ,a)- Yl ( K x,&i,i)- Yl ( K x,u 2 ,t) ■P2{ji,---,js;h,---,l s ;cr) 

where p 2 is a polynomial in (K x ,Kx) whose degree is at most (m — hq)/2 < (n — uq)/2, and 
whose coefficients are independent of the surface X and the classes cti.j. Combining this with 
(jODT) . (|63i) . (jrT2^|) and (gEH), we obtain (jeTTS]) . □ 

Proposition 6.9. If \a\ = 2, then U.ty) is true. 

Proof. Recall that (|1.2p is equivalent to (I6.3[) . and the difference (wi , 1U2 ; q) from (16.41) is 
computed by Lemma [6.21 Let w\ and u>2 be given by (I6.10|) . Let v! x = ^i^i + iti and S2 = 
{a 2 .i, ■ • ■ ,«2,u 2 }- Let Si = {ai,i, . . ■ ,ai iUl } if |/3| ^ 2, and Si = {^,0:1,1, . . -,c\!i )Ul } if \/3\ = 2. 
By Lemma l4.6l and Lemma 16.71 it suffices to prove that 

D%( Wl ,w 2 ;-l) = (K x ,a)-P(K X ,S 1 ,S 2 ) (6.24) 

where P(Kx, Si, S2) is a universal polynomial in (K x ,Kx) of degree at most (n — l)/2 and of 
type (u'i, M2). This follows if we can prove that 

D% ( Wl ,w 2 ;q) = (K x ,a)-J2 P ( K * >S u S 2 ;d) q d (6.25) 

where every P(K X , Si, S 2 ; d) is a universal polynomial in (Kx,Kx) of degree at most {n — l)/2 
and of type (u[, 112). We remark that d has been inserted into the notation P(Kx, Si,S 2 ; d) to 
emphasis its dependence on d. 

In the following, we will show that the contribution of every term in (|6.5[) is of the form 
P{K x ,S 1 ,S 2 ;d) for a suitable d > 0. Note that in H*(X l ), 

Thus, by Lemma IBTSl (l_( n _j_i)a_A(T*a)|0), a-i(/3)wi, W2) d is equal to 

(K x ,a) ■P 1 (K x ,S 1 ,S 2 ;d) 

where P\(Kx, Si, S2; d) is a universal polynomial in (Kx, Kx) of degree at most (n — l)/2 and 
of type (ui,u 2 ). Similarly, since a_i(/3)^W2 = — ai(/3)u>2, we see from Theorem 12.11 (i) and 
Lemma 16.81 that 

(l^ n ^2)a-x(T,a)\0),w 1 ,a-i((3^w 2 ) d = {K x , a) ■ P 2 {K X , Si, S 2 ; d). 

Next, we move to the term ( x a\(T^(ea(3))wi, w 2 ) in (|6.5p . where e £ {Kx , K x }. Such a term 
is zero unless e = i£x an d \/3\ = 0. In this case, we may assume that ft = l x . So let e = K x and 
f3=l x . Then, 

(a\(T*(eaf3))wi,w 2 ) = (K x ,a) ■ (a\(x)wi,w 2 ) = (K x ,a) ■ P 3 {K X , Si, S 2 ; 0). 

by Theorem 12. II (i). where P^{K X , Si, S 2 ; 0) is a universal polynomial in (K X ,K X ) of degree 
(i.e., (Kx,Kx) does not appear) and of type (u'i,u 2 ). 
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Finally, T*(ea) is zero unless e = Kx- Let e — iix- By Lemma |6.4[ 

(l_( Ti _ i _i ) o_A(r*(eQ;))|0),a-i(^)iyi,u;2) = (Kx,a) • <l_(„- j -i ) a-A(x)|0), a_i(/8)«;i, w 2 ) 

= (A- x , a) ■P 4 (K x ,S 1 ,S 2] 0) 

where P±{Kx, S\,S 2 )Q) is a universal polynomial in (Kx,K x ) of degree and of type (14,112). 
Similarly, since a_i(/3)tu>2 = — a±(p)w 2 , we obtain 

(l_ in _ j _ 2) a-x{T*(ea))\0},w 1 ,a- 1 {p) f w 2 ) = (K x , a) ■ P 5 (K X , S u S 2 ;0). □ 
6.3. The case a = lx- 

Lemma 6.10. Let d,no > 1. Le£ W\ and w 2 be given by i6.1ty) . Then, 

{l-(n-\x\-n o )a-x(x)a^ no (l x )\0),w 1 ,w 2 ) d = P(K X ,S 1 ,S 2 ) (6.26) 

where Si — {ai,i, . . . , ai, Ul }, 52 = {a 2 , 1, . . . 70^2,112}; and P(Kx , Si, S 2 ) is a universal polynomial 
in (Kx, Kx) of degree at most n/2 and of type (u\, u 2 ). 

Proof. This follows from the proof of Lemma 16.81 by replacing a by lx (and then by noticing 
that the factor (Kx , ot) there will not appear here) . □ 

Lemma 6.11. Let d > 1 and |A| < n. Let ui\ and w 2 be given by i6.10\) . Then, 

(l Hn - lM )a-x(T*lx)\0),w 1 ,w 2 ) d = P(Kx,S 1 ,S 2 ) (6.27) 

where Si = . . . , ai, Ul }, S 2 = {a 2 ,i, ■ ■ ■ ,fl2,«2}> and P[Kx , Si, S 2 ) is a universal polynomial 

in (Kx, Kx) of degree at most n/2 and of type [u\, u 2 ). 

Proof. For i — 1 and 2, let Wi = a_„(i) (lx)(l-n iA • • • O-ra* ( a i,Ui)|0)- Note that if the 
Kiinneth decomposition of r 2 *lx € -ff*(X 2 ) is given by 

T 2 *1 X = X ® ljf + 1a- ® z + 7j,l ® 7j,2 

where |7j,i| = \lj.2\ = 2, then up to permutations of factors, a typical term in the Kiinneth 
decomposition of T ist lx € H* (X 1 ) with i > 3 is either x® ■ ■ ■ ® x®lx or x ® • • • ® a; ® 7^1 ® 7^2- 
In view of Lemma f6. 101 it suffices to verify that 

^(l_ fi a_ A (ar)o_ ni (7 J -,i)a_ n2 (7i,2)|0),«;i,u;2) d = fi(i i s:x,5 1 ,52) (6.28) 

where n = n — \\\ — ni — n 2 , and Px(K x , S\, S 2 ) is a universal polynomial in (K X , Kx) of degree 
at most n/2 and of type (^1,142). For simplicity, let 

w = l_ a a_x(i)a_ ni (7i,i)(i-n 3 (7j,2)|0). 

We see from (| 1 . 3[) that to prove (|6.28p . it suffices to show that 

Y^(B ,B U B 2 ) ■3 m , d -< 1 (g) .< >a (g) -V 3 (g) (6-29) 

is equal to P 2 (i^x, £1, S 2 ), where m < n, B ,B 1 ,B 2 e iTpfl"-™!), B C w , B x C toi, and 
£>2 C W2 ■ By Theorem 11.31 (i) and Corollary 15.231 (i) , such a term is nonzero only if B\ = 
a_ X (i)(x)Bi with B\ C w\, B 2 — a_xm{x)B 2 with B 2 C W2, and £?o = a -i(lx) s a_j v (x)|0) or 
a_i(lx) ;5 a_A( a; ) a -ni (7j',l)|0) or a_i(lA:) s a_ A (2;)a_„ 2 (7.7,2) |0) where s < n. In the following, we 
assume that (|6.29[) is nonzero. By symmetry, we need only to consider two cases for Bq: 

B = a_i(lx) s a_A^)|0), or B = a_i(lx) s a^(x)a_ ni ( 7j , i)|0). 
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We begin with the case B = a^i(lx) s a_ x (x)\0) . Then (|6.29[) becomes 
{a-i(lx) s a_~ x (x)\0), o_ A( i) (x)B 1 ,a_ x m (x)B 2 ) 



j 



h * f ' l-»a-r tl (7jM)a~» 2 (7j,2)|0) ^ * ( wi\ _* ( w 2 

■Jm,d • 7I" m ,l " 7q 77777\ I ' 



o_i(lx)'|0) J " m ' z \Bj ' V B 



Applying the same arguments as in the computations of (|6.2ip and (16.221) . we conclude that the 
term (|6.29p is equal to 

J2(Kx,lj,i) ■ (K x , 1 , h2 )-Pz{K x ,S 1 ,S 2 ) 

3 

where P^{Kx, Si, S 2 ) is a universal polynomial in (Kx, Kx) of degree at most (m — ni — n 2 )/2 
and of type (iti,it 2 ). Note that for Pi,j3 2 G H 2 (X), we have 

£>i,7i,i) ' (A,7j,a> = (A,&>. (6-30) 
j 

Therefore, (|6.29l) is equal to (K x ,Kx) ■ Ps(K x ,Si,S 2 ) which is a universal polynomial in 
(Kx, Kx) of degree at most m/2 < n/2 and of type (iti, it 2 ). 

Next, let -B = 0_i(lx;) a a_;;(:E)a_ ni (7j,i)|0). This time, (|6.29[) becomes 

^(a_i(l x ) s a_ A (a;)a_„ 1 (7 Ji i)|0),a_ A (i)(a;) J Bi,o_ A (2) (x)-B 2 ) 
* /^ 1 -na-™ 2 (7j,2)|0)^ _„ /^wi^ ^u; 2 ' 



Using Lemma 1531 Theorem 11.31 and (I6.30[) . we conclude that (|6.29p is equal to Pa(K x ,Si,S 2 ) 
which is a universal polynomial in (Kx, Kx) of degree at most 

(m - n 2 )/2 + 1 < ((n - Ui) - n 2 )/2 + 1 < n/2 

and of type (ui,m 2 ). This completes the proof of (|6.27[) . □ 

Proposition 6.12. If a — lx, then M.ty) is true. 

Proof. We adopt the same notations and approaches as in the proof of Proposition 16.91 By 
Lemma 14.61 and Lemma 16.71 it suffices to prove that 

D\ x {w u w 2 ;-l)=P{K x ,Si,S 2 ) (6.31) 

where P(K x ,Si,S 2 ) is a universal polynomial in (Kx,K x ) of degree at most (n + l)/2 and of 
type {v! 1 ,u 2 ). This follows if we can prove that 

Df (wi,w 2 ;q) = ]T P(K X , Si,S 2 ;d) q d (6.32) 

where P(K X , Si, S 2 ; d) is a universal polynomial in (Kx, Kx) of degree at most (n + l)/2 and 
of type (u'i, u 2 ). In the following, we will show that the contribution of every term in (|6.5|) is of 
the form P(Kx,S\, S 2 ; d) for a suitable d > 0. 

First of all, when d > 1, we conclude from Lemma |6 . 1 1 1 that 

(l_( n _ j _i)O_A(r*lx)|0) ) o_i(/3)ix;i ) «;2) d - (l_ ( „_ i _ 2) o_ A (nlA')|0), wi, a-i(^w 2 ) d 

is equal to Pi{K x , S±,S 2 ; d) which is a universal polynomial in (Kx, Kx) of degree at most n/2 
and of type (u[,u 2 ). 

Next, consider (a A (r st (ea/3))wi, w 2 ) = (a A (r*(e/3))wi, w 2 ) from (|6.5p , where e e {.Kx, .K^}. It 
is zero unless e = Kl^ and {3 = l x (when |/?| = 0, we let (3 — lx), or e = Kx and = 2, or 
e = if A and j3 = l x . If e = K x and fi — lx, then 

(a A (r,(e/?)V 1 , W2 ) = (Kx,K x ) ■ (ajf^K,^) - ifx) • P 2 (^x, Si, S 2 ; 0) 
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by Theorem 12.11 (i). where P 2 (K x ,Si, S 2 ;0) is a universal polynomial in (K X ,K X ) of degree 
and of type (u\,U2)- If e = Kx and = 2, then 

(a x {T.(£0))w u w 2 ) = (K x ,f3) ■ (a x (x)w 1 ,w 2 ) = (K x , P) ■ P 3 {K X , S u S 2 ; 0) 

which is a universal polynomial in (K X ,K X ) of degree and of type (14,1*2). If e = an d 
/3 = l x , then we obtain (a\(T*(e/3))wi, w 2 ) — (a\{T, e Kx)wi : w 2 ) which again is a universal 
polynomial in (K X ,K X ) of degree and of type (14,1*2). 

Finally, let e £ {K X ,K X }. We have r*(ea<) = r*e. Let I e be the difference 

(l_ (n _ i _ 1) o_A(T*e)|0),o_i( i 9)iyi, w 2 ) - (l_(n_ i _ 2 )O-A(r*e)|0) ) wi, a_i(/3) t w 2 ) 
from (|6.5p . When e = -ftT|- , we see from Lemma 16.41 that 

h = (K X ,K X ) ■ (l_( n _j_ 1 )a_A(ar)|0),a-i( / S)toi,tW2) 

- (K X ,K X ) ■ (l_^ n _ j _ 2 ^a-\(x)\0),wi,a-i{/3)^w 2 ) 
= (K x ,K x )-Pi(K x ,S 1 ,S 2 ;0) 

where Pi{Kx, S\,S 2 ) 0) is a universal polynomial in (Kx,Kx) of degree and of type (u[, u 2 ). 
When e = Kx, we see from Lemma RTIjI that 

I e = (l^ n -j-i)^-x( T * K x)\0),a-i(^)wi,W2) - (l_(„_j_ 2 )a-A(T*i ; s:x)|0),wi,a_i(/3) t W2) 
is a universal polynomial in (K X , Kx) of degree at most 1 and of type (u[, u 2 ). □ 
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